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When both B® and B° can decay to the same final state composed
of two vectors, the interference between them and those among three
polarization states result in intricate phenomena. In this note we derive
the time and angular distributions for general B — V,V} processes in
a form convenient for actual analyses. We then apply them to specific
examples and clarify the C'P violating parameters obtainable in the
D*p and J/¢K* final states. The time distributions for the D*r final
states are also discussed.

1 Angular dependence

The essential parts of this and next section can be found in many references [1].
Here, we attempt to describe central concepts and derive critical expressions as
simply as possible.

1.1 Introduction

We consider a two-body decay 0 — a + b in the rest frame of the parent particle,
where the spin state (J, M) of the parent particle and the helicities A, of the
daughters are given. The final state with a definite total angular momentum and
definite helicities can be constructed as follows: In general, if [n\) is a state with
total angular momentum A along the direction n, one can form a state with total
angular momentum |J, M) where the quantization axis is taken as the z direction
(i.e. in the lab frame), as

|TM,\) = /Cm DI \(7) [AA) (1)
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with ‘ '
dn = d¢ dcos @, Dﬁmm, (n) = Dimm,((b, 6,0) (2)

where (6, ¢) is the polar coordinate of the direction 7, and Di,im, (n) is the rotation
function, or the wave function of a top with total angular momentum |JM) and the
component along n given by A which is also a good quantum number.

Suppose [pA,Ap) is the state in which particle a is moving in the p direction with
helicity A, and particle b is moving in the —p direction with helicity Ap:

[PAaAs) = [PAa)] — D) - (3)
Then, (1) with the identification
n=p, A=2X—2MN\, (4)

gives the state with total angular momentum |JM) and total helicity A, — A\, along
the direction of a:

IM ) = N [ dp Dl (5) [AaNs) (5)
where N is a normalization factor. The ranges of the integration are
—1<cosf<1, 0<¢<2m. (6)
The possible values of the heclicities are constrained by
[Aa =Xl < T, (7)

which arises since the orbital angular momentum cannot have a component along
the line of decay. The construction (5) indicates that the amplitude for particle a

to be in direction p is Djf . 5, (P)-
Transformation of the state |JM, A\, \y) under parity is given by [2]

P|JM7 )\a)\b> = 7Ta7Tb<_1)J78aisb"]M7 _)\a - >\b> ) (8)
where s,;, and m,; are the spins and intrinsic parities of the daughter particles,
respectively.

1.2 B — V,V,, helicity basis

In B decays of the type B — V,V; (V: a vector), such as B* — WK** and D*p™,
we have
J=M=0, s,=s,=1, @m,=m=—1. (9)



The constraint (7) with M = 0 means A\, = ), and thus there are three possible
helicity states:

()\aa)\b) = (+17+1)7 (070)7 or (_17_1) (10)
Accordingly, the final state can be written as
A

where H; is the amplitude for each helicity state, and we have defined

|fr1) = [IJM,+1+1),
| fo) = |JM,00), (J=M=0) (12)
|fo) = [JM, =1 -1).

In terms of decay amplitude, one can write
Hy = <f)\’Heff|B>7 (13)

where H.g is the effective Hamiltonian responsible for the decay.
When the daughter particles subsquently decay as

a— a)+asg, b—>b1—|—b2, (14)

the construction (5) applies to each decay in its rest frame. The decay amplitude for
a; to be in direction (0,, ¢,) in the rest frame of a and b; to be in direction (6, ¢p)
in the rest frame of b is then (up to an overall constant)

A= Z Hm Di,i:t\al —Xay (¢aa 0&7 0) Dzz:k)\bl —Xb, (gbba 91)7 O) . (15)

The z axis in the rest frame of a is taken to be in the direction of p, and that in the
rest frame of b is taken to be in the direction of —p; namely, each in the direction
of the motion of the parent particle in the B frame. The definition of the azimuthal
angles amounts to defining the phase convention for the helicity amplitudes H,,.
To be specific, we define that the = directions in the two frames are the same (see
Figure 1). Using

D%,m’(oﬁ ﬁ’ 7) = 6_imOédZn,m’ (6)6_im/’y ) (16)
the amplitude can be written as
A=) H, eimxdf}hal_k% (Qa)d;s,Abl—,\bQ (0) , (17)
with
X = ¢a + be (18)

being the azimuthal angle from b; to a; measured counter-clock-wise looking down
from the a side.



Figure 1: Definition of angles for B — V,V} decay.

1.3 Transversity basis

Using the values (9), the parity transformation (8) reads

P|f+1> = |f—1> P’fo> = |f0> P‘f—l) = ‘f+1>; (19)

namely, the helicity-basis states | &= 1) are not parity eigenstates. However, we can
construct parity eigenstates as

— |f+1>+|f—1> (P—i—)

1fi) =
H If >\£§|f ) , and |fo) (P+). (20)
fL) = = (P
\/§

The final state (11) can then be written as

[Ty) => Ax|f) (A=1,0,1), (21)
)
with
 H 4+ H
=0 d Ay=H, (22)
- ) an 0o = Mo -
4, = HeH

V2
This basis is called the transversity basis [3].

An often-used set of angles for the transversity basis can be obtained as follows:
We note first that the angles (6,,x) defined in the previous section is the polar
coordinate of the a; direction in the a rest frame where the z-direction is taken to
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Figure 2: Angles often used for the transversity basis are shown for D*p final state.

be opposite the direction of b in that frame and the x direction is taken to be in the
decay plane of b — by by such that p,(by) is positive. This defines a right-handed
coordinate system where the y axis is perpendicular to the decay plane. We now
define a new right handed system by

=z, y=x, =y, (23)
where the 2’-axis is now perpendicular to the b decay plane. Then, (6y,, 0,) is defined
as the polar coordinate of the a; in this new system. Namely, (¢, ¢y-) and (6, x)
are related by

2’ = sinb,. cos¢y. = cosl, =z
Yy = sinf,. sin ¢y, = sinf, cosy = x . (24)
Z = cos 0;, = sinf,siny =y

These angles are shown for the case of D*p in Figure 2. Note, however, that one
could also use the angles (x, 0,, 6;) for the transversity basis.
1.3.1 B — D*p* (helicity)

A full angular analysis of this mode has been presented at conferences [4], but has
not been published. Here, we consider the decay B — D*p™ which is followed by

D* - Drn, pt —atal. (25)

We assign,

CZZD*, a1:D, ag = T, b:p+, b1:7T+, bQZWO. (26)



The decays of D* and p have only one helicity state:
Aa; — Ay =0, Ay — A, =0.
Thus, the general amplitude form (17) becomes

A= ZH € d, (0)dy (V)

where we have relabeled the polar angles
6=06,(D), ©=0,(p).
This can be rewritten as
A=H,g: + Hogo+ H-19-1
where
L. .
g+1 = 56”‘ sin 6 sin ¢
go = cost cos
1 .
g1 = ie_lx sin 6 sin 1.
We have used

sin 6

W )

1+ cos@
2 )

1 —cost

dy;(0) = di o(0) = — dy_,(0) =

together with

—m —m

By (0) = (=) 0 (0) = & ().
The square of the amplitude is
‘AP = ZHm Gm) ZHn9n>

- ZlH | ’gm|2

F2 S (RUTLH) Rig0) — UL ) S(dan)

m<n

Using the explicit forms for g,,, the final distribution is
['(x,0,v) = [(|H+|2 + |H_|*) sin? 0 sin® ¢ + 4| Ho|? cos® f cos® ¢
—|—2{§R(H+Hi) cos 2y — S(HH™)sin 2x} sin? fsin” ¢

+H{R((H, + H_)H) cos x — S((Hy — H_)Hy)sin x | sin 20 sin 2] ,

where the normalization factor is chosen such that

2 1 1
[ ax [ dcost [ dcosy T(x,0,0) = [Hy? + |H_ [ + ol
0 —1 —1

(27)

(28)

(29)

(30)

(34)



1.3.2 B — D*p (transversity)

Here, we can transform the D* side to transversity angles, or we could choose the
p side. We arbitrarily choose D* side. We start from the amplitude (30) and apply
the transformations (22) and (24). We obtain

g = \%(9+ +g-) = %cosxsin@sinw = %sin@tr sin ¢y, sin v

9o = cosf cos = 8in 0y, cos ¢y cosY (37)
gL = \/Li(f” —g.) = %sinxsin&sinw = %cosGtrsinw

to be used in

A(¢tr,9tr7¢) - ZAm gm(¢tra0tr7¢) (m = ||707J—> . (38)

Squaring this as before, the angular distribution becomes

PTG b)) 9
dy,.d cos Oy,.d cos 1) 327
+| AL |*2 cos? 0y, sin? ¢ + | Ag|*4 sin? by, cos® ¢y, cos®
+\/§3%( ﬁAO) sin? 6, sin 2¢;, sin 2¢) — ﬂ%(ASAL) sin 26, cos ¢y, sin 2¢

_OS( AL A, ) sin 26, sin ¢y, sin® w) (39)

<|A|| 1?2 sin? 4y, sin” ¢y, sin ¥

Integrating this over ¢ loses all interference effects among different polarization
states:
d2r(¢tr7 etw w) 9

dcos,.dcos =1 <|A” |2 sin? 0y, sin? 1 +| Ag|*2 sin? 6y, cos? 1+| A2 |2 cos? O, sin? 1/1) :
tr
(40)

At this point, we see that the even parity states (4 and Ag) have sin®6,, distri-
bution, and the odd parity state (A,) has cos? . distribution. Thus, plotting 6y,
distribution only can separate even and odd parity components. On the other hand,
both A and A, are associated with sin? ¢, and thus 1 distribution alone cannot
separate different parity components. Further integrating over v gives

dr(¢tr7 Qt’rv 1/))

d cos 0y,

_ Z((|A”|2 + | Ao[?) sin? By, + | A2 |2 cos? etr) . (41)

1.3.3 B — UK* (helicity)

The time-independent analysis has been performed by many experiments [5]. We
assign

a=V, a=0", a=0, b=K", b=K, a=rm. (42)
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The decay K* — K has only one helicity state Ay, , = 0. On the other hand, the
final state of ¥ — ¢*/~ can have multiple helicity states because of the lepton spins.
The actual helicity states, however, are restricted to only two due to the vector
nature of the coupling that creates the lepton pair:

1 1 1 1
(Aes A=) = (‘1‘57—5) or <—§,+§>- (43)
We have thus,
Aay — Aoy =1, Ay, — A, =0. (44)

The final angular distribution is given by incoherent sum of the distributions for the
two lepton helicity combinations:

Ty 0,9) = AT+ AT, (45)
with
=3 Hy ™y O)dl0). (46)
where we have relabeled the polar angles
0=10,(¥), ©=0,(K. (47)
The amplitude (46) has the form
AN — Z H, g» (48)
where
g(ﬂl) = \/—(1 + cos f)eX sin ¢ gi‘f) :—ﬁ(l — cosf)eX sin )
g(()H) = \/5 sin 6 cos ¢ , gé_l) :_\/Li sin 6 cos i . (49)
gt = ﬁ(l — cosf)e" X sin g5y Z%(l + cos f)e X sin 1)

The square of the amplitude (48) is
AP = (C Hgy?) (3 H.9Y)
- ZIH %92

+2 3 (R(H, H,) (g9 — S(HH,) S(g"gM)) . (50)

m<n

Using the explicit forms for ¢V the final distribution is
T(x,0,¢) = [<|H+|2+ |H_|*)(1 + cos 6?) sin® ) + | Ho|* 4 sin? 6 cos® ¢
—2{%(H1H,) cos 2x + S(H: H_)sin 2x} sin? § sin” ¢
—{R((H, + H_)"Hy) cos x + S((H; — H_)"Ho) sin y } sin20sin 2| , (51)
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where the normalization factor is chosen such that
o 1 1
/ dx/ dcose/ deosyy T(y, 0,0) = [Ho >+ |H_2+ |[Ho[>.  (52)
0 -1 1

1.3.4 B — VK* (transversity)

One can use the relations (22) and (24) directly in the angular distribution (51) to
obtain

9 : : :
'(¢w, O, ) = 397 “AII |2(1 — sin? 6y, sin® o sin? 1)
+]Ao?2(1 — sin2 04y cos® ¢y ) cos® b + | AL |* sin 07 sin ¢?

—R(AjAo)—= \/5 sin 67, sin 26y, sin 20 + S(AGA,) \}5

+%(AﬁAl) sin 26,, sin ¢y, sin’ 14 , (53)

sin 26,,. cos ¢y, sin 29

which is normalized as
o 1 1
Aoy [ deosti [ deosy (6,0, 0) = |4+ AP + 40P, (59

The transformation of angles can also be done at amplitude level. With the
substitution of ampltudes (22), the amplitude for a given lepton total helicity A
becomes

AY =3"4,¢W 0 (m=,0,1), (55)

with

D= (cos X cos B + i sin x) sin ¢
5 sin 0 cos ) (56)
(

) = cos X + i cos 0 sin x) sin ¢

(

e
gi—

(

g

9o

(=

| %l
N—= N)I»—*

U= =z(cos x cosf — isin ) siny

:—\/ii sin 6 cos 1) - (57)
1) _

g1 =—3(cos x —icosfsin ) siny

l\.’)l'—‘

In order to apply the transformation from (6, x) to (0., ¢4,), it is easier to multiply
an overall phase factor which does not affect the final angular distribution. We take

) — —cos X +¢cosfsiny for gt
sin 0, mo
cos X + ¢ cos 0 si
o = CRXTIERTEX o g0, (58)

sin 0.,



It is easy to see that these factors are indeed pure phases using the relations (24):

sin? 0, = sin? 6, cos® ¢y, + sin® 0y, sin? ¢y, = cos 0 + sin® @ cos® x
—_——

cos® sin? @ cos® y (1 — cos? )(1 — sin®x)
=1 —sin? y + cos?fsin? y = cos® y + cos? fsin® y, 59
X X X X
_ o O sin v |2 - cos O sin v |2
. cosx—i‘—zcos sin x|~ |cosx —i-.zcos siny|” _ (60)
sin 6y, sin 0y,
Multiplying (1) to g|(|+1), we have
1 — ) cos 0 si
g|(|+1) — gﬁ“)g( U = ——(cos x cosf + isin x)sin ) R X + LEORTSINX (61)
2 sin 6,,
Using
cos x cos @ + isin x)(— cos y + icosfsiny) = — cosd — isinh?sin x cos
X X X X X X
= — sin 04, (cos ¢y + 1 €08 Oy, sin ¢y, ) (62)
the phase-rotated gH is then
D _ L cos gy + i cos B sin d) sin o (63)
g = 5(cos Gy +icos by sin drr) s )
Other functions are similarly obtained:
jﬂ) = %(COS Grr + 108 Oy, sin ¢y, ) sinp
go+1) _ \%(— sin ¢y + i cos Oy cos ¢y, ) cos Y, (64)
(fl) = % sin 0y, sin ¥
gi_l) :%(cos O — 1COS By, Sin ¢y, ) Sin
90—1) :% (— sin ¢y — i €08 Oy, cOS ¢yy) COSY . (65)
(-1) 1. 0 .
gy =—5sinbsiny

These functions gives
2o |9ﬁ)\)|2 = l(1 — sin? 6, sin’ Gtr) sin” 1),
Sy g2 = (1 = sin? 0, cos? ¢y ) cos? 1, Xy g0 2 = 5 sin” 0, sin” 1,
2o ( 9(() )) = 4\/ sin® 0y, sin 2¢y, sin 29, 3o, \y(g” M go ) 0, (66)
SR eY) =0, TS ar)

SaRgM gy =0, aS(g)g™)

m Sin 29157- COS ¢tr Sin Qw

—i sin 20, sin ¢y, sin? 1
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which immediately leads to (53) through (50) where H,, are relaced by A,,. Note
that three of the combinations are zero; this arises from cancellations between the
two lepton helicities A = +1.

1.4 Charge conjugate decays

For the charge conjugate decays (B decays), the rule for the definitions of angles
is to start from the corresponding B decay, exchange paritcles and antiparticles,
and then apply the definition of angles as if the daughter particles were the original
particles from the B decay. For example, for the decays corresponding to assignment
(26) for B — D*p*, the particles in the decay B — D*p~ are assined as

CL:D*, (leD, g = T, b:pi, 171:71'7, 62:71'0. (67)

and the angles (6, x, 1) are defined in the same way in terms of a; 5 and by 5. In
particular, the angle x is the azimuthal angle from b; to a; measured counter-clock-
wise looking down from the a side.

With this definition, the angular distribution is given by (17) with replacement

Hy — H,y, (68)

with B ~ -
Hy = (f\|He|B) . (69)

When C'P is conserved in decay, then we can take (see Appendix)
Hy=H_, (CP), (70)

which holds to all orders in perturbation theory. In the literature, one sometimes
encounters a C'PT relation Hy = H*, which is correct only to first order in pertur-
bation theory. This C'PT relation is thus not applicable to the decays of concern
where the strong phases play inmportant role, since those phases are higher order
effects. In terms of tranversity amplitudes, the C'P relation (68) reads

A=Ay, A =-A,, A=A, (CP) (71)

Inspecting the expressions for the angular distribution, one notes that moving
from B decay to B decay according to (70) or (71) corresponds to changing y to —y
for the helicity formulation, and 6;, — m—60,, for the transversity formulation. These
are nothing but the parity transformation (or equivalantly the mirror inversion) of
the configuration. Namely, if one exchanges particles and antiparticles and take
mirror inversion, then the resulting angular distribution is the correct one, which is
to say that C'P is conserved.
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2 Time-dependence

In this section, we will develop a formalism suited for neutral B decays to final
states that are not C'P eigenstates. In later sections, it will be applied to D*t7~
final state as well as each of the three polarization states of D**p~ or WK*.

First, let us recall the time evolution of pure B° and B° states. Assuming C PT,
the physical states B, and B, can be written as

B, = pB°+¢B°  (mg,7.)

By, =pB° —¢B®  (mp, ) (72)

where m,;, and 7,; are the masses and decay rates of the corresponding physical
states. Theoretically and experimentally, |p| = |¢| within error of order 1%. Here, we
assume [p| = |¢q| which makes p/q a pure phase factor. The lowest order estimation
gives (see Appendix)

p_ ViV
q ViaVi,

which corresponds to the choice of the C'P phase of the neutral B meson given by

(73)

CP|B") =np|B"), CP|B") =np|B%, with np=1. (74)
The above value of p/q is for the case B, is heavier than By:
Mg > My . (75)
The physical states evolve as
B, — Bye ™met=%t B, B imit-3t (76)

Hereafter, we will assume that the decay rates of the two physical states are the
same

Yo =M =7- (77)
then, the factor e 2t decouples from all amplitudes, which we will drop for now and
restore it at the end. We also separate an overall phase factor exp(—i%t) and

discard it since such overall phase factors do not affect measurable quantities. Then
the evolutions of B, can be simplified as

-5

By — Bue "8, By — Byel Tt (xe"2t), (78)

with
dm=mg —mp > 0. (79)
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Then, the time evolutions of pure BY and B can be obtained by solving (72) for
B° and B° and then applying the time evolutions above:

B,+ B 1 5m 5m

_Dat Dy —( Bae 5 + Bbel%t) = B’ cos
2p 2p ~~ ~
pBO—I—qBO pBO_qBO

omt g

o omt
B° O T 30iin I (80)
2 P 2

The time evolution of B is similarly obtained. Restoring the decay factor e~2¢,

omt _ omt
B® — ¢3! (Bocos% _ IR0 4in 2 ) ;
p

omt

B — e 2! (BO cos —— — =~ (81)

RS
o
-~
<
=
>
CI RSN
~
N———

We now consider the decay amplitudes for a pure B° or B° state at t = 0 to
decay to a final state f or its charge conjugate state f at time t. The final state
could be D®~7% or any given polarization state of D*~pt or WK*0. Define four
instantaneous dedcay amplitudes by

S 3

B
(82)

0
0
0
0

101
5353
T3
==

bl

(
(
(
(

SIS Q1

B

For f = D®~x*t, for example, a and @ are the favored amplitudes and b and b are
the suppressed amplitudes. Then, (81) gives

_ 2t omt QF ;i Omt\__ —2t omt : dmt
Apo_s(t) = e 2 (CLCOST bzsmT)— e 2 a(cosT —,0151117)

_ _ Iy omt p omt\__ —2t= omt =i Omt
Apo_j(t) = e 2 (acos—2 bisin ~5+ )—e 2 a(cos—2 pisin 3 ) )
2 — e . _ X = . .

Apo_7(t) = e 2! (bcos% — aisin %): e 2'a (pcos% — isin %)
2 7 .. _x ..
Apo_s(t) = e 2" (bcos% — Laisin %): e 2ta (pcos dmt _ jsin %)
with _
_qb __pb
LI L (s4)
ba qga

For the bottom two amplitudes (the ‘suppressed’ decays), we have ignored overall
phase factors p/q and ¢/p for the second equalities.

At this point, we can see the relation between the ‘suppressed’ and ‘favored’
modes; namely, up to an overall phase, dmt — dmt + 7 transforms Apgo_s(t) to
Apo_¢(t) and Apo_s(t) to Ago_ ;(t). Equivalently, in the expressions of decay rates,

(cos dmt, sin dmt) < (— cos dmt, — sin dmt) (85)
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transforms between a suppressed mode and its favoed mode with the same final
state. Also, p/q is the complex conjugate of ¢/p (within the approximation that
Ip| = lq|), and as we will see more explicity later, the weak phase of b/a is the
complex conjugate of that of b/a with the rest being the ‘strong phase’ which is
common to both. Thus,

(weak phase) < —(weak phase) (86)

keeping the strong phase the same transforms between a B® decay and the corre-
sponding BY decay (both ‘suppressed’ or both ‘favored’) apart from the difference
between a and a. Often |a| and |a| are the same and if so the above transformation
is exact in the decay rates. When we extend the above time-dependent amplitudes
to include interferences between polarizations, the rule between the same final state
(85) still holds, but the relation between B® and B° (86) does not hold in the helicity
basis. We will see, however, that it holds in the transversity basis.
The time dependent rates are obtained by squaring (83):

2

1 — |p|?) cos omt 4 2Zp sin dmt]

(87)

2

cos dmt — 2p sin dmit]

)
1 —|p|?) cos dmt + 23p sin dmt]
)

%)

+

+(
—(1—1p
— (1 — |p|?) cos dmit — 2Fp sin dmit]

In deriving this formula, we have assumed C'PT in the mixing and that v, = ~,.
Otherwise, it is general; in particular, there could be direct C'P violations in any of
the decay amplitudes such as |a| # |a| etc.

On Y(4S), one would flavor-tag the other side by, say, a lepton. If the tag side
decays to ¢~ at proper time t;,4, the quantum correlation is such that the signal
side is pure B? at the same proper time tg, = t;,, and proceed to evolve as usual
from that time on. Thus, for ty, > t:4, the decay distribution is given simply by

the replacement
t— At = tsig — ttag . (88)

For 144 < tiag, all that is needed is to put absolute value on At of the decay factor
e 7At. Namely, (87) becomes the distributions on Y(45) with the replacement

vt — y|At] and dmt — dmAt. (89)
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w)
ol

d = u
D b T
b c d _ _
B — = d
d — T d D
d 9

Explicitly,

1 — |p|?) cos dmALt + 2Sp sin dmAt]

(90)

) cos dmAt — 23p sin dmAt] 7

+ )
+ (1 — |p|?) cos dmAt + 23p sin dmAL]
—(1—1pP)
— (1 = |p|?) cos dmAt — 2Sp sin dmAL]

where I'y- (At) denotes the decay rate for one side decaying to a final state f while
the opposite side is tagged by a negative lepton (or tagged as BY by any other
method), etc.

2.1 B — DW-—g+

Earlier studies of this mode can be found in Ref. [6]. Diagrams for B — DFr* are
shown in Figure 3. In addition to dominant tree diagrams, annihilation diagrams
may have non-negligible contribution. Also, there may be final-state rescattering
D070 . D&—7+ The CK M factor of these processes, however, is the same as
that of the corresponding tree diagram for the same final state, and thus it does not
affect the following formulation. Penguins should result in even number of charms;
thus, penguins do not contribute.

With the definitions f = D™+ and f = D*7~, the four amplitudes of (82) can
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be written as

a= Amp(B° — D=nt) = X*F,
a = Amp(BO — D+7T_) = )\c _c ) >\c = ‘/;bv*d
with [ (91)
b= Amp(B® — D*r™) = \'F, u = VubVed
b= Amp(B® — D~nt) = A\, F,

where we have separated the C KM factors )\,(3*3 and called the rest F,, which in-
clude strong phases as well as decay constants and form factors (if factorization is
assumed). We assume that the C'P violation is solely through the weak phases that

appear in (91); as a consequence we can show that (see Appendix)
F.=F, F,=F,. (92)
We then have B
la| = |af, [b] = [b]. (93)
Using (73) and (82) as well as (92), the value of p defined in (84) is then

b pAE, Vo VAV E,
15 =— = P2y = — ‘/td tb VUde - = T@Zd)p . (94)
qa q )\ch ‘/td‘/tz ‘/cbvu*d Fc

where we have defined r = |p| and ¢; = arg p. With the definitions of ¢; and ¢3

Vud u*b
)
“Ved ch

ViaVi
P = arg d7ch P3 = arg

) 95
—ViadVi (95)

we have

arg VaVo VipVea\ _ VeaVey, VeaVep VuaViy
ViaVip Var Vi —ViaViy =ViaVip —VeaVay

) =201+ ¢3. (96)

Then, p can be written as

p=rel@wtd) (97)
with P
Ouw =201+ ¢, O=arg . (98)
Similarly, one obtains ‘
p = re Pw=d) (99)
Note that we have |p| = |p| = r. The value of r is roughly
Vi Vea Iy .
= | w2 ul L 0.4X% ~ 0.02. (A~ 0.22: Cabibbo factor).  (100)
‘/cb u*d Fc
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With Sp = —rsin(¢, — ) and Sp = rsin(¢p, + ), the four decay rates (87)
becomes
1 —7?) cos dmt — 2rsin(¢,, — &) sin dmt]

+( ) ( )
+ (1 = r?) cos dmt + 2r sin(¢,, + &) sin dmt]
— ) ( )
—( ) (6w — 0)

Lpo_p+r—(t) =| |2e;t [(1+7%) — (1 —7?)cosdmt — 2rsin(¢,, + ) sin dmit]
Tgopnt(t) =| |26_27t [(1+r? 1 — %) cos dmt + 2r sin(¢,, — &) sin dmt]
(101)
where have used |a| = |a|. Note that I'go_, p-,+(t) (suppressed) is obtained from

Lo p-n+(t) (favored) and I'go_, p+- (t) (suppressed) is obtained from I'go_, p+ - (%)

(favored) by the transformation (85), and within the two suppressed modes and

within the favored modes, the expresssions are related by (86) namely ¢, < —¢.,.
The C'P violating parameters that can be extracted from these distributions are

rsin(¢, —0) and 7sin(¢p, +0). (102)

Note that the two extractable paramters are always multiplied with r, and the value
of r cannot be obtained by the fit. Namely, r needs to be somehow externally
supplied, either theoretically or experimentally.

As discussed earlier in (89), the corresponding distributions on Y(4S) are ob-
tained by replacements vt — |At| and dmt — dmAt. The |At| distributions are
shown in Figure 4 for r = 0.1, ¢, = 1.2, and § = 1.0. The first paramter of
(102) rsin(¢,, — 6) can be obtained through the asymmetry between positive and
negative At of 'y~ p—.+(At) (favored) or I'y+ p-r+(At) (suppressed), and the sec-
ond paramter rsin(¢,, + J) is similarly obtained through I'jy+ p+.-(t) (favored) or
L'y~ p+o—(t) (suppressed). This feature that single mode can give a C'P violating pa-
rameter through asymmetry between positive and negative At is unique to Y (45).
In fact, most of the information on C'P violation is in such asymmetries. In terms of
At, the sensitivity to C'P asymmetry in the suppressed mode is concentrated in the
small |At| region. As a result, a time dependence fit would improve the sensitivity.
In fact, a toy Monte Carlo study has shown that fitting the At distributions (with no
smearing) reduces the error on the C'P asymmetry by about factor of two compared
to simply counting the yields for positive and negative At. This was confirmed by
a full-blown Monte Carlo study [7]. If we define

ST x (|At]) = Dy (At) — Dx(—At), (103)
we have

0L+ p-r+(|At]) = Nrsin(¢y, — 5)6_7|At| sin(dm|At|), (104)
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Figure 4: The |At| distributions of the flavor-tagged Dm modes for r = 0.1, ¢,, = 1.2,
and 6 = 1.0. The solid lines are for D7 final state and dashed lines are for D7~
final states. The mixing parameter x is taken to be 0.71.

O o+ prr-(|At]) = Nrsin(¢, + 5)6_7‘&‘ sin(om|At|), (105)
0T~ p-nt(JAt]) = =0T+ p-n+ (|AL]), (106)
0T~ pra-(JAt]) = =0T+ pra-(|AL]) . (107)

where N is a common normalization factor which is known.
Now we derive the corresponding time-integrated expressions. We use following
integrals.

1
Jooetdt =~ (108)
v
1
o e Msindmt dt = 1 _fo ; (109)
. 1 1
JoT e Mcosdmtdt = ST (110)

Here © = 0m/~. The time-integrated decay rates become

0 ey aP? o 1 —1? 2re .
I'(B”— D )_E[(H_T)+1+x2_1+x2sm(¢“’_5)]
2 2

0 +,_— || 2 1—r 2rr
F(B —>D7T)—Z[(l‘i"f‘)+1+x2+1+x281n(¢w+5>]



1—12 2rx

—_— 2 —_— — ]
al? 1—17? 2re .
|2‘7_[(1 + r2) ~ 1 + e sin(¢,, — )] (111)

If we set § = 0 for simplicity, we see that the information on sin(¢,) is in the
asymmetry between the top two rates (the favored modes) or in the asymmetry
between the bottom two rates (the suppressed modes). The absolute amount of the
differnce is the same for both cases, but the total rate is about 5 times larger for the
favored modes compared to the suppressed modes. It means that the significance
(number of sigmas) is v/5 times smaller for the favored modes. Thus, most of the
information is contained in the suppressed modes.

The expressions (101) and (111) are valid also for f = D* 7t D= p*. When
there are more than one polarization states as in D*~ p*, there is extra effect due to
interferences between different polarization states, which we will discuss next.

2.2 B’ — D*p*

This mode was first stdied in detail in Ref. [8]. We first note that the expressions for
the time dependent amplitudes (83) are still valid when applied to each polarization

state:

and

ay cos 22t %Eﬂ sin %) = e 2tq, (cos omi _ pyisin %)
omi _ Pphyisin %) = e 3t q, (cos omi _ pyisin @)
by cos 23 Layisin %) = e 2'ay (ﬁ)\ cos 22t — jsin %)
by cos % gaﬂ sin %) = e 2tay (PA cos % — isin %)
(112)
ar= Amp(B° — f\) = A\ F.y
ax= Amp(BO - _)\> = )\CFC)\
, , (113)
b)\: Amp(BO — f/\) = )\ZFu)\
b)\: Amp(BO - f)x) = )\uFu)\
by _ph
10)\5—7 p)\E—_. (114)
pax qax
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Each of (112) gives the polarization amplitudes to a given final state at time t.
Then, the angular distribution of pure B° at ¢t = 0 decaying to f at time ¢ is simply
obtained by replacing Hy or Ay by Apo_y (t) in (35) or (39). For B°(t = 0) —
f, for example, the time-dependent angular distribution is given by (39) with the
replacement

[A* = [Apo_p, (D],
R(AjAo) — R(Apo_p, (1) Apo—so (1)),
S(AgAL) — (A Boefo(t)ABoﬁfL(t)),
S(AjAL) = S(Apo g, (D Apo—p, (1)) - (115)
)

Or the decay amplitudes are obtained from (38) by the same replacement:

t t
<c0s 5% — paisin 57; ) ()

ABO_Uc(Qt Ze 3t ay
A

Ago_,f(Q,t):Ze_%td,\ cos(smt 5, isin 0T
}

9 — patsin 9 )%(Q)

~ omt omt
Apo_7(2,t) =Y e 2" ay (PA COS% — isin 7721 )QA(Q)
A
~ omt omt
A y(@1) = Y e ¥ (m cos M1 sin 1 )gm), (116)
A

where 2 = (¢4, 04, 00) o1 (X, 0,1), and g)’s are given by (37) or (31). Here, the final
states are f = D*"p* and f = D**p~. Note that one could use angles (¢y,., 0, %) or
(x,0,1) for the tranversity amplitudes (for that matter, for the helicity amplitudes
also - we just have not provided g(¢y., 0y, 1) for the helicity amplitudes).

Since F,, and F., are nothing but the polarization amplitudes apart from the
C'P violating phases, they themselves should satisfy the C'P relations (70) and (71)
(see Appendix):

Fpo=F,» (helicity), (117)
F, Fo=Fy, F,=-F, , (tranversity) (118)

al =

F,

all »

where ¢ = u or c.

2.2.1 Helicity basis

With the relations (117) for helicity basis, the decay amplitudes can be written as
ax= ANFen, a-x = AcFey,

~ (helicity) (119)
b= AiFuxn, box = ALy
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This gives

laxal = [a-al,  [bal = [b-al. (120)
And the parameters p, and p) becomes
q AuFu—)\ _ p AZFU—)\
=2 == ) 121
PA p /\ZFC)\ ’ = q )\ch/\ ( )
Then, the same procedure that led to (97) and (99) allows one to write
pr = e @t o p = e e (122)
where
oAl = [p-al =7, (123)
and 7
5 = u\ 124
V=gt (124
2.2.2 Transversity basis
Using the relations (118) for transversity, we can write
arx= )\ZFC)\ y Gy = fA)\CFC)\ 5
~ (transversity) (125)
br= AoFun, by = A Fun,
where
_J 1 (=10
fx—{_l O=1) (126)
We will use the tranveristy basis for the rest of this section. Clearly, we have
lax| = [ax] and  [ba] = [ba], (127)
and the procedure semilar to that led to (97) and (99) gives
pr = Exme TN gy = et (128)
where
oAl = |pal =7, (129)
and e
5y = uk 130
A= arg Foy (130)

Let’s evaluate the expilict decay rates; namely, the coefficients given in (115).
Note that py and p, are related by ¢,, <> —¢,,. Togethter with (85), all we need is to
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evaluate one of the four modes which we take to be the favored mode B® — D*~p*.
Calculation is straightforward and we obtain (apart from the common factor e™*/2)

AN — |a>\|2[(1 + Ti) +(1- ri) cos omt
—26,\ry sin(¢,, — 0 ) sin (5mt} ,

R(AjA) — [%(aﬁao)(l + 1o cos(d) — do)) + S(ajao)ryrosin(d) — 50)}
+ _%(a‘*‘ao)(l — 119 cos(d) — do)) — S(ajao)r|rosin(d) — 50)} cos omt
— :%(aﬁao)(r“ sin(¢w — &) + rosin(¢y, — do))
+S(ajao) (1) cos(@w — 6)) — 70 cos(Puw — 60))} sin dmt , (131)
S(ALAL) — :C\”s(a a;)(1—rerycos(de —01)) + R(aia, )rery sin(de — (h)]
+ :%(a a;)(1+rery cos(de —d1)) — R(atay)rery sin(de — (ﬁ)] cos dmt
- [%(aZaL)(re sin(¢,, — ) — ry sin(¢, — d,1))

—R(azar)(re cos(dw — de) + 71 cos(Py — (h))} sin omt ,

where A = (||,0, L), e = (]|,0), and the suppressed modes for the same final states
are obtained by the transformation émt — dmt + 7 or (85), and among the two
suppressed or among the two favored modes, the B® decay and the B° decay are
related by ¢, <> —¢,,. The distribution (39) with these replacements then gives the
desired time-dependent angular distributions.

2.2.3 Fit parameters

Squares of the amplitudes (116) give the rates, and with complex functions in pro-

graming language, these expressions are all needed to perform the fit. The fit pa-

rameters are ay, ay, px, and py. Note that only the relative phases matter among

ay and among a,; namely, one can set ag = real and ay = real, for example. In

addition, |ay| = |a_,| (helicity) or |a\| = |a,| (transversity) reduces the number of

degrees of freedom by 3 in each basis. Furthermore, there are phase relations in
a—x  ay

_ a a
=22 (A=41), or a—ﬁzﬁa—ﬁ A=],1), (132)

Qo o

which reduces 2 degrees of freedom. Thus, there are 5 degrees of freedom in a, and
ay including the overall normalizations. One may parametrize, for example, as

ap1 = lap|e®™ Gy = la[e?
ag =la| @ =lag| (helicity) , (133)
a_; = |a_y|e®-1 a_1 = |agq|e’®+
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or,

a = lagler ay = |ayle™
ap = |aol , Gy = |agl (transversity) . (134)
a, = |ayle’®t a, = —|a|e+

Also py and p, are constrained by the expression (114); namely, we actually fit ry,
0y, and ¢, which amounts to 7 degrees of freedom. The total number of degrees
freedom is thus 5 4+ 7 = 12 including the overall normalization.

2.3 Time dependent angular distribution for ¥K*°

The only one relevant final state to be considered is WK** where K** decays to
Kgm®. We denote the final state as fy = (PKZ),, where A could be for helicity
basis or transveristy basis. The particle assignments are

a=V, a=0", aa=0", b=K", b=Kg, a=n". (135)

All we need is the amplitudes for each polarization (helicty basis or transversity
basis) at time ¢+ when the B meson was pure B° or B® at t = 0. Then, we can
use the distributions (51) and (53) to obtain the angular distribution at that time.
Incoherent sum over the two possible helicity states of the U decay is already taken
into account in those angular distributions.

Since we are dealing with only one final state (apart from polarization), the first
and the last of (83) will do:

Apo_j, (t) =e"2tay (cos i _ pyisin %)
: (136)
Apo_y (1) =e3tay (p,\ cos % — isin %)
where
ay = Amp(B® — (VK),), by = Amp(B" — (WK)\), pr= ]%. (137)
A
The p) parameter is then
_ 4 (Ks|K°) (PK)5|Hen| B®)
Px= 0 %0 0y (138)
p (K| K?) (WK*0)x|Hegr| BY)
Eq. (73) gives ¢/p, and using (187) of Appendix,
K [_(O Lk ‘/cs *

(Ks|K%)  pi ViaVe
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can be obtained as in the case of B where we have ignored the small deviation of
lgx /pK| from unity. Assuming that the color-suppressed tree diagram dominates
the amplitudes a and b, or assumming that penguin and other contributions do not
modify the weak phase significantly,

(WK)\|He| B®) = Vi Ves Fx,  (WK™)a|Het| BY) = Vi Vi (140)

By the similar argument that led to the C'P relations (117) and (118), Fy and F)
are related by -
Fy=F_, (helicity), (141)
FH = F, Fy=F,, F,=-F,, (tranversity) (142)
Let’s use the transversity basis for the rest of this section. Then, the amplitudes
given by (140) togehter with the C'P relation above gives

((WK*)5|Heg| B®) _ ¢ VoV

(TI),| Ho | B Ty (transversity) , (143)
e cbVes

where ), is the sign defined by (126). Combining all ingredients, p) becomes

- () G52 (c4) - () / ) oo
Vi V;fd Vcs Vea Vcchs —Via th _th‘/;b

With the definition of ¢; (95), we can write

pr = —Exe 21 (transversity) . (145)

Recall that the value of p for the gold-plated UK final state was e~2*1; namely,
the transverse polarization A; has the same time-dependent C'P asymmetry as the
UK final state, and A and A, states have the C'P asymmetry opposite to that
of WKg. These arguments are valid when a given polarization state dominates the
final state and when integrated over the angular distribution.

The angular distribution is given by the expression (53) with the coefficient
replaced according to (115). Explicitly,

|AN? — Jax*(1 £ &, sin 2¢; sin dmit)
R(AjAo) — R(ajao)(1 + sin 2¢; sin dmt) (146)
S(A;AL) — £S(azay) cosomt F R(a,a)) cos 2¢, sin dmt

where the upper sign is for B — WK, the bottom sign is for B® — WKz,
A= (]|,0,L) and e stands for || or 0. They are related by the transformation (85) as
expected. Note that cos2¢; can be obtained by these angular distributions, which
helps to resolve the discrete ambiguity of ¢;.
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3 Appendix

3.1 CP relations

We will hereby derive the C'P relations (70) and (117). Suppose the effective Hamil-
tonian commutes with C'P:
THel' = He (147)

where

I =CP. (148)

For example, the Hamiltonian for the tree diagram of B® — D~ 7" is (up to a
constant) !

Heff = )\chc + (hC) (149)
with .
he = / dt / d*a(eb),,(du)" (150)
-7
where (qq), is a color-singlet V' — A current which is a function of space-time:
(@4 (2)u = " (@)1 = 5)q"(x) . (x=(t,7)) (151)

with a being the color index. The CK M factor A, is defined in (82). The C'P phases
of quark fields are taken as
77q = 17 (152)

where the C'P phase is defined by

I |qﬁ0> = 77q|q—p70> ) (153)

where p'is the momentum and o is the spin component along z. With this choice of
C'P phase, one can show that (see, for example, Ref [10])

1(qd(2)ul' = —(qq (@) = ~(@q(«"))" (' =(t,=T).  (154)
Note that the Lorentz index u changed from subscript to superscript. We then have
after the integration over space
T
1 [ () 1t = [/ Pa(eb)(du), | (155)

which leads to
ITh I =hi. (156)

"What we are calling H.g is actually the S operator.
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Similarly, we can show

ThiIT = h,. (157)

This makes (147) hold if A. is real. In general, H.¢ includes strong interaction that
results in phase shifts. Still, it can be writen in the form (149) and that it would
be invariant under C'P if the CKM factors are real; namely, (156) and (157) are
satisfied.
The helicity states of B — a + b transforms under C'P as (see, for example,
Ref [2])
I |JM, )‘a)\b; ab) = nanb(_)J_sa_Sb|JM7 _)‘a - )\b; ai)) ) (158)

where J = 0 and s, = 1 for our case, and 7, and n, are the C'P phases of a and b
respectively:

CPla;p,o) = nala;—p, o), CPlb;p, o) =nlb; —p, o), (159)

where o is the z-component of spin. If a or b are not self-conjugate, then their C'P
phases are cancelled when the value of p is calculated or relation between p) and py
is evaluated. For a self-conjuagte particle, the C'P phase does matter. However, C'P
of relvant spin-1 particles, such as any known spin-1 (cc) states, p°, a?, w, ¢, etc.
are all +1. Thus, we take n,m to be +1 keeping in mind that if any of the spin-1
particles are self-conjugate and C'P— then it has to be included in the sign. Thus,
in terms of our short notation, the above relation becomes

I1fa) =1f-2)- (160)

Then, the helicity amplitude transforms as (with ng = 1)

Hy = (fa|Hea|B") (161)
= (W' IHaI' 11B°) =H_,, (162)
—— Y/ ——

(foal - Her np|B°)

which proves (70).
The proof of the relation (117) starts from realizing that the relevant effective
Hamiltonian can be written as

Heg = (Aehe + Aohy) + (AR + X5RT) (163)

where the second part is just the h.c. of the first part to make the whole Hermitian,
and A\, = V3V, and A, = V,,, V.5 as before. The term A\ A, includes a b — c transition
and creation of a @id pair, and \*h! includes a b — ¢ transition and creation of a du
pair, etc. Again, h., contain the effect of strong interaction to all order.
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Assuming that C'P violation occurs solely through the complex C'K M phases,
we should have

Th I =hl, Th,I"=h!,
IRi It =h,, IhiI'=h,, (164)

which makes Heg invariant under C'P if \., are real. Then, a, defined in (113) with
f = D* pT can be written as

ax = (flHe|B") = (ALK B®) = N fa|hl1 B%) . (165)
Comparing with (113) indentifies F, as
Fox = (fAlhf|B%). (166)

Similarly, B B B
Fox = (falhe| B°) . (167)
Then, we have (again with ng = 1)
Fo=(HII' NI T|BY = F._\. (QED) (168)
—_——— ——
(fal he |BY)
The proof of F,, = F,_y (helicity) proceeds the same way.
The relations (92) is proved similarly. Here, the effective hamiltonian is again
written in the form (163) and is invariant under C'P if the C KM factors are real.

With J = s; = s9 = A = 0 in (158), the transformation of the final state f =
D®=7F under OP is

LIfy =nonel f) . T1f) = npnzlf) (169)

with proper choice of C'P phases (you can set A = 0 in (160)). The quantities F.,
and F,, are identified as

Fc: <f’hi‘BO>a pc: <f’hc|Bo>7

The final result is obtained by simply setting A = 0 in (168):

F.=F., andsimilartly F,=F,. (171)
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3.2 Derivation of p/q

The two mass-eigenstates are the eigenvectors of the Schrodinger equation in the
B-BY space:
d
— VU = HVU | 172

where U is a two component vector and H is a 2 x 2 matrix in the B°-B° space:

_[(a B .F_ (BOIH63|BO> <BO’Heﬁ|BO>
v=(}). H=M+is= <<B°1HQH|B°> <B“|Heff|B°>> (173)

where M and I' are hermitian matrixes. When v, = ,, the decay part decouples
and the mass matrix part (mixing part) only should be considered; thus, we will
drop I'. The C'PT invariance allows one to write

H:M:<n1 “), (M :real). (174)
weeom
In particular, B B
j= (B Ha|BY, " = (B"|Hu| B) (175)
The eigenvalues are
det(m_)\ . >:O —  A=m= |y (176)
ILL* m — A ) N

Let’s define the eigenvector for the heavier of the two to be pB® + ¢B°, which then

should satisfy
G ) () =1 (7)) ()

The top component (the B? coefficient) of this equation gives

P u
mp +pg =mp+ |ulp  — R (178)

On the other hand, the B® «» B transition is caused by the box diagram at the
lowest order whose effective Hamiltonian can be written as

Heg = (VasVii)*hia~ap + (hoc.) (179)

where hyg_ g is the effective hamitonian that transforms B° to B° and itself trans-
forms under C'P as

Thyy g1t =h Ih!

bd—db ? bd—db M= Pyg—dp ; (180)
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namely, H.g is invariant under C'P if it were not for the C' KM phases. Then the
off-diagonal elements of H are related by C'P as (with ng = 1)

p = (B°|Heg| B)
= (B|(VsV3i)* Pog—as| B°)
- (thVQZ)Q <BO| I IhbJ—»dB I I|BO>
e N ——— N— —

(Bl by 1B
(‘/tb d)2 D * t
T BV Viahlg_ | )
(VoVii)? | 5
= Waviap V)
t
(‘/tb tZ)Q *
= —— . 181
ViV " (181)
Thus,
e (VipVia)? |l (VisVia)

Using (178), we see that pB° 4 ¢B° with

Vis Vi
p_ Vo) (183)
q (VisVia)
This method is simple and elegant but cannot define the sign; in order to do so, one
needs to actually evaluate p [11]:

2,2
_ Grmiy

WfémBBBmSo(%Zth)2 (184)

lj/ =
where fp is the decay constant of B%, 1, > 0 is a QCD correction factor, Sy > 0 is
a function of the top quark mass, and Bpg is the ‘bag factor’ of the B meson which
is believed to be positive. Then, p/q is now

ViV
P (185)
q Vs Via

and these p and ¢ makes pB® + ¢B° the heavier of the two mass eigenstates.
In the neutral K system, we define px and gx in parallel to the B system;
namely, the heavier (Kp) is defined to be px K° + qx K°. Thus, Ky is

KS:pKKO—qKKO. (186)
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Even though there is some complication due to the lifetime difference; the situation
for the phase of px/qx is essentially the same and to a good accuracy it is given by
applying ¢t — ¢ and b — s to (185):

PK _ _VcchE
qK ViV

(187)

The conventions used here for p and ¢ are not the same as those in Ref. [12].
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