
Formula Sheets

0. Metric
gµν = 0 (µ ̸= ν), g00 = −g11 = −g22 = −g33 = 1

aµ = (a0, a⃗), aµ = (a0,−a⃗)

∂µ =
∂

∂xµ
= (

∂

∂t
,∇)

∂µa
µ(x) =

∂

∂t
a0(x) +∇ · a⃗(x)

1. Fields and equations of motion

(spin-0) ϕ(x) =
∑
p⃗

[ap⃗ ep⃗(x) + a†p⃗ e
∗
p⃗(x)], (∂2 +m2)ϕ = 0

L = 1
2

(
∂µϕ∂

µϕ−m2ϕ2
)

(neutral)

L = ∂µϕ
†∂µϕ−m2ϕ†ϕ (charged; with a†p⃗ → b†p⃗ above)

(spin-1/2) ψ(x) =
∑
p⃗,s

[ap⃗,s fp⃗,s(x) + b†p⃗,s gp⃗,s(x)], (i∂/ −m)ψ = 0

L = ψ(i∂/ −m)ψ

(spin-1) Aµ(x) =
∑
p⃗λ

[ap⃗λh
µ
p⃗λ(x) + a†p⃗λh

µ∗
p⃗λ(x)], ∂νF

µν +m2Aµ = 0

L = − 1
4FµνF

µν + m2

2 AµA
µ (neutral)

L = − 1
2F

†
µνF

µν +m2A†
µA

µ (charged; with a†p⃗λ → b†p⃗λ above)

Fµν ≡ ∂νAµ − ∂µAν(
ep⃗(x) =

e−ipx√
2p0V

, fp⃗,s(x) = up⃗,s ep⃗(x), gp⃗,s(x) = vp⃗,s e
∗
p⃗(x), hµp⃗λ(x) = ϵµp⃗λep⃗(x)

)
2. Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
σiσj = iσk (i, j, k cyclic), σ2

i = 1

[σi, σj ] = 2iϵijkσk , {σi, σj} = 2δij

(⃗a · σ⃗)(⃗b · σ⃗) = a⃗ · b⃗+ iσ⃗ · (⃗a× b⃗)

eia⃗·⃗σ = cos a+ iâ · σ⃗ sin a, (a = |⃗a|, â = a⃗/a)

ϵijkϵi′j′k = δii′δjj′ − δij′δji′

ϵijkϵi′jk = 2δii′ , ϵijkϵijk = 6
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3. Gamma matrices

{γµ, γν} = 2gµν , γ5 = γ5 = iγ0γ1γ2γ3, {γ5, γµ} = 0

σµν =
i

2
[γµ, γν ]

γ20 = 1, γ2i = −1 (i = 1, 2, 3), γ25 = 1

γµ = γµ, γ5 = −γ5, γ†µ = γµ, γ†5 = γ5

σµν = σµν , γ5γµ = γ5γ
µ

[Dirac representation]

γ0 =

(
1 0
0 −1

)
, γi =

(
0 σi

−σi 0

)
, γ5 =

(
0 1
1 0

)
[Weyl representation]

γ0 =

(
0 −1
−1 0

)
, γi =

(
0 σi

−σi 0

)
, γ5 =

(
1 0
0 −1

)
4. Dirac spinors

pµ = (p0, p⃗), |s⃗| = 1, sµ = (0, s⃗) (in rest frame)

p · s = 0 (in any frame)

(p/ −m)up⃗,s = 0, (p/ +m)vp⃗,s = 0

up⃗,s(p/ −m) = 0, vp⃗,s(p/ +m) = 0

up⃗,s1 up⃗,s2 = 2mδs1s2 vp⃗,s1 vp⃗,s2 = −2mδs1s2
up⃗,s1 vp⃗,s2 = 0 (s1,2 = ±1)

u†p⃗,s1 up⃗,s2 = 2Eδs1s2 v†−p⃗,s1
v−p⃗,s2 = 2Eδs1s2

u†p⃗,s1 v−p⃗,s2 = 0 (s1,2 = ±1)

up⃗,s up⃗,s = (p/ +m)
1 + γ5s/

2
, vp⃗,s vp⃗,s = (p/ −m)

1 + γ5s/

2∑
s

up⃗,s up⃗,s = (p/ +m),
∑
s

vp⃗,s vp⃗,s = (p/ −m)

[Explicit expressions in the Dirac representation]

up⃗,± =
√
E +m

(
1
p⃗·σ⃗

E+m

)
χ±, vp⃗,± =

√
E +m

( p⃗·σ⃗
E+m

1

)
χ∓

(s⃗ · σ⃗)χ± = ±χ±, χ†
s1χs2 = δs1s2 (s1,2 = ±)

χ+ =
1√

2(1 + sz)

(
1 + sz
s+

)
, χ− =

1√
2(1− sz)

(
sz − 1

s+

)
(s± = sx ± isy)
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χ+ =

(
1

0

)
, χ− =

(
0

1

)
(s⃗ = ẑ)

5. Spin-1 polarization vectors

ϵµ
0⃗λ

= (0, ê0⃗λ) êλ=1,2,3 = êx, êy, êz (in rest frame), ϵp⃗λ · p = 0 (in any frame)

ϵµp⃗1 = (o, êp⃗1), ϵµp⃗2 = (o, êp⃗2), ϵµp⃗3 = (
|p⃗|
m
,
p0

m
p̂) (in any frame)

ϵµp⃗± ≡ ∓ 1√
2
(ϵµp⃗1 ± iϵµp⃗2), ϵµp⃗0 ≡ ϵµp⃗3 (helicity basis)

Polarization sums

(m ̸= 0)
∑
λ

ϵµp⃗λϵ
ν∗
p⃗λ = −gµν +

pµpν

m2
(λ = 1,2,3 or ±, 0)

(m = 0)



∑
λ

ϵip⃗λϵ
j∗
p⃗λ = δij − p̂ip̂j∑

λ

ϵµp⃗λϵ
ν∗
p⃗λ = −gµν +

k̄µkν + kµk̄ν

k̄ · k∑
λ

ϵµp⃗λϵ
ν∗
p⃗λ = −gµν (QED)

(
λ = 1, 2 or ± . Coulomb gauge: ϵ0p⃗λ = 0

k = (k0, k⃗), k̄ = (k0,−k⃗)

)

6. Trace theorems and related formuli

a/b/ + b/a/ = 2a · b a/a/ = a2

Trγi1 . . . γi2n+1
= 0 (i′s = 0, 1, 2, 3 : odd number of γ’s. γ5 count as 0.)

Trγi1 . . . γi2n = Trγi2n . . . γi1 (reverse order)

Tr1 = 4

Tra/b/ = 4 a · b Trγµγν = 4gµν

Tra/b/c/d/ = 4(a · b c · d− a · c b · d+ a · d b · c) Trγµγνγαγβ = 4(gµνgαβ − gµαgνβ + gµβgνα)

Tra/1a/2 . . . a/2n =
∑2n

i=2 (−1)ia1 · aiTra/2 . . . a/i−1a/i+1 . . . a/2n
= a1 · a2Tra/3a/4 . . . a/2n − a1 · a3Tra/2a/4 . . . a/2n

+ . . .+ a1 · a2nTra/2a/3 . . . a/2n−1

Trγ5 = 0

Trγ5a/b/ = 0 Trγ5γµγν = 0

Trγ5a/b/c/d/ = 4iϵµναβaµbνcαdβ Trγ5γµγνγαγβ = 4iϵµναβ

(ϵ0123 ≡ +1)

γµγ
µ = 4

γµa/γ
µ = −2a/ γµγαγ

µ = −2γα

γµa/b/γ
µ = 4a · b γµγαγβγ

µ = 4gαβ

γµa/b/c/γ
µ = −2c/b/a/ γµγαγβγσγ

µ = −2γσγβγα

gµνg
µν = 4 ϵµναβϵµνρσ = 2(gασg

β
ρ − gαρ g

β
σ)
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ϵµναβϵµνασ = −6gβσ ϵµναβϵµναβ = −24

7. Cross sections and decay rates

Sfi =
(2π)4δ4(

∑
i pi −

∑
f pf )√∏

i(2p
0
iV )

∏
j(2p

0
fV )

M (M: Lorentz-invariant matrix element)

dΦn = δ4(
∑

i pi −
∑

f pf )
∏
f

d3pf
(2π)32p0f

(n-body Lorentz-invariant phase space)

(a) Cross sections (general: p1 + p2 =
∑

f qf )

dσ =
(2π)4

4
√
(p1 · p2)2 −m2

1m
2
2

|M|2 dΦn

√
(p1 · p2)2 −m2

1m
2
2 =

{
m1|p⃗2| (1 at rest)
M |p⃗| (c.m. M : total c.m. energy)

2-body final state (p1 + p2 = p3 + p4: all masses could be different)

dσ

dΩ
=

|M|2
(8πM)2

|p⃗f |
|p⃗i|

(c.m. system)

dσ

dt
=

|M|2
16πλ(s,m2

1,m
2
2)

(no azimuth dependece. any frame)

where

{
s = (p1 + p2)

2

t = (p3 − p1)
2 λ(x, y, z) = x2 + y2 + z2 − 2xy − 2yz − 2zx

dσ

dΩ3
=

|p⃗3||M|2

64π2m1|p⃗2| [m1 + E2(1− β2

β3
cos θ3)]

(Lab frame; 1 at rest)

(b) Decay rates (c.m. system)

dΓ =
(2π)4

2M
|M|2 dΦn (M : parent mass)

dΓ

dΩ
=

|p⃗|
32π2M2

|M|2 (2-body)

Γ =
|p⃗|

8πM2
|M|2 (2-body, parent not polarized)

dΓ =
|M|2

(2π)38M
dE1dE2 =

|M|2
(2π)332M3

ds23ds31 (3-body, parent not polarized)

8. Feynman rules (tree level)

External legs and propagators: (f : fermion, f̄ : anti-fermion)
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initial state final state propagator

(spin-0) 1 1
i

p2 −m2 + iϵ

(spin-1/2) up⃗,s(f) vp⃗,s(f) up⃗,s(f) vp⃗,s(f)
i(p/ +m)

p2 −m2 + iϵ
≡ i

p/ −m+ iϵ

(spin-1) ϵµp⃗λ ϵµ∗p⃗λ
i(−gµν + pµpν

m2 )

p2 −m2 + iϵ
(m ̸= 0)

−igµν

p2 + iϵ
(photon)

Vertexes:

(e = 0.303 (e2 = 4πα), g = 0.652)

scalar-photon

−ie(p1 − p2)
(p1,2: 4-momenta flowing into the vertex))

γ

fermion-photon

−iqγµ
(q: charge of the fermion. q = e if electron)

γ

fermion-W

ig

2
√
2
γµ(1− γ5)Vij

(Vij : CKM matrix element; = 1 for leptons.)

W
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