Exercise 4.6
(a) The difinitions are

1 . 1 :

ay = ﬁ(alﬁ +iagy), by = 72(61113 — iagp) .
1 _ 1 .

a;r; = ﬁ(aiﬁ - mgﬁ) ) b;ri‘ = ﬁ(alﬁ+ i)

First, we note
[aﬁ7 aﬁ'] = [bﬁa bP] [apv b ] - 0

since only annihilation operators are involved and they all commute. Similarly,
[aT a ,] = [bT bT-»,] = [al

Using [az, az,ﬁ,] = Ok 057, We have

1 . . 1
lag, al] = 5 Loy +dagy, aly —ial;) = 5 ([a1p, al ) + [azy, als] = 05,
Opp" Opp"
b1 b1
(b, by = 5[@110 Za?pa% 5 1 iay) = 2([a1p,a1 ]+ lasp; agz] = 55
0p." Op.p"
Also,
. : 1
[az, b%,] = §[alﬁ+ iasg, GL?' + za;ﬁ,] = 5([alﬁ, aiﬁ,] — [agp, agﬁ,] =0.
Opp" Op5"
Taking the hermitian conjugate of this,
[bp/, CL;] 0.

(b) The non-hermitian fields are written as

—L T — 1Ty
7(¢1+Z¢2) = \/5( 1 ).

—_

¢T

1 . )
ﬁ(¢1 —iga), = ﬁ('ﬁl + imy) .

In the following, primed fields are understood to be functions of (¢, #’) and unprimed
fields are functions of (¢, 7). Since ¢;’s all commute,

[0, ¢'] = [0",¢"] = [¢,¢"] =0



Similarly, since 7;’s all commute,
[, 7] = [xf, 7] = [x, 7] = 0.

Now,

1 , . 1 3= =
(¢, 7] :§[¢1+1¢2,77/1—W§] :g( [pr,m] +  [dom] ) =i0°(F - 1),
i (% — ") i6*(Z - 2)
Taking the hermitian conjugate of this, one obtains
[ﬂJT7 qu] = _253(f - f/) - [¢T7 W,T] = ng(f - f/) :

Somewhat non-trivial is

1 , , 1
[¢Ta ﬂ-/} = 7[¢J{ - Zgb;v ﬂ-i - Zﬂ-é] = 7( [¢J{7 ﬂ-i] - [¢;7 ﬂ-é] ) =0.
2 2 N—— N——
i0%(% — ") i (x— 1)
Taking the hermitial conjugate of this,

[, 7] =0.



Exercise 4.7
(a) The Lagrangian density is

L =0,00"0 —m*¢' = 916 — Vo' - Vo —m?¢.
The fields conjuagate to ¢ and ¢' are

oL

oL .
RV S _
=99 ¢,

7T = v — ¢ .
oot
Then, the Hamiltonian density is (at this point, we do not care ordering)

H = W¢+WT¢T—£:2¢T<é—£
= ¢'p+ Vol - Vo +m?¢lo.

On the other hand,
. 1 . . . 1. .
o' = §(¢1 — io)(P1 + iga) = §(¢% + ¢3)
Vol ¥ = L(Vor - iV6)- (61 +iVn) = (Vo1 - Vo1 + V- Vi)
1 1
ol = §(¢1 — i) (1 + ig) = §(¢% + 03).

Then, the Hamiltonian density becomes

($% + Vo - Voy +m2¢?)
1

1
H — 5
+ (¢§ + Vo - Vg + m2p3).

DO |

When ¢; 2 are regarded as independent, it was shown in the text that the total
Hamiltonian density becomes the sum of those of each fields, which is nothing but
the above.

(b) First, we modify the expression for #:

61+ Vol - Vo +miple = ol — ¢é
Lo
V- (6'Ve) —¢" V¢
S——— . S~~~
— 0 o+ m?<gz5 : by the K-G eq.

= ¢Tigo(’iao¢) :

H



Using the momentum expansion of the field (recovering the implicit normal ordering),

0 — / 16" i 9o(i00)
_ /ds (ales+ by ep}zao[Zp agreg = by )

= /dSQ:ZpO' (U1 €5 zaoe a}b;,e;}iaoe;/
W—’ —

— O — 0
g + =g
—I—bﬁ aprept 8061;/ —bﬁ bﬁ" €pt 8065/)
N— ———
—0 — —5-'5
= > p(alay+ bybl) - Zp (alaz + bLby)
p

(c) Similarly using the momentum expansion in @,
Q = [d'we'ideo
= /d3 CL 6 + bz €p)}l 80 { Z(aﬁ/ Ep’ + b;[)»/ 6;»/)}

p/

= /d%Z(a ag €y z@oep/er b~,6p2806~/)
%/—’ S———

_¢_./

— g — = Oy

= Z(a ag — by bT).

—

p

= Z(agaﬁ— b;g.bﬁ) :

p



