Exercise 1.3
(a) Raising a in the expression (M")as = g", 9”5 — 9" 5 9" >
(Mw)ag = g"® 9”,3 - 9”5 g’
Then, noting that g% = 0(i = 1,2,3),

(KEG)™, = (M™)°5(MY)°,
a g iy 08 j 8

= (9" 95— 99" )N9" ¢, = 9", 9"")
— _gmgjry o gOagovg]z )
Exchanging ¢ and j, o -

(KjKi)a,y — _g]ozgz o gOchOfygz] ]
Then, the commutator [K;, K] is

[Ki; va]a’y — gjozgz"y _ giozgjfy — (Mji)a”/ _ —(Mij)a77

namely,

[Ki7 K]] = _Lk (?:,j, k: CYCHC) .

(b) Since any nonzero components in the matrixes that appear in [L;, L;| = €Ly,
have purely space indeces, it suffices to consider the 3 x 3 space parts only. Using

(Li)jk = —€ijk,
(LiLj) = (Li)lk(Lj)km = €ilk€jkm = —€ilk€jmk
= _(57Lj5lm - 6im51j) s
where we have used the formula €€ = 0ij01m — dimdy;. Exchanging ¢ and j,

(LiLi)' . = —(05i0um — 6jmbui) -

l
m

Then, the commutator becomes,
[Li, L)' = Simb1; — 0jm6i = €ijpemu = €iju(Li)',,, ,

namely,
[Lis L) = €Lk -
(c) Since (L;)°, = (Li)*y = 0 and (K;)’, =0,

(L, K1) = (Lo)" ,(K5)F, — ()8, (L), = 0.
On the other hand,
[Lis K51 = (La)" (K)o, = (B5)", (L) = —€inj = eindun = €eiu(F1)" -

—€ik1051 0



Similarly,
[Li, )%, = ein(K0)°), -

Putting all together, we have
[Li, Kj] = Ez'lel .



Exercise 1.4
a) Using Py = P -n and P, = P — Py, the boost can be written as
H H

—

E = 7E+’7P||=7E+7713-ﬁ=7E+6713-§

and

P = Pjii+ P, =(nE+~P)i+ P,

— (WE+~P- )i+ P — (P -7)i
= WE+(y—1)P )i+ P
= B8+ (P-8)B+ P,
which writes in terms of components,
Pa/c = VﬁmE‘Fpﬁw(g ﬁ)
P, = vB.E + pB.(B- P)+
P, = 3B,E+ pB,(5- P)+ Pz,
with p = (v — 1)/4?. Putting them in matrix form,
£ 7 b 7By oL E
Po| _ |98 1+p8; pBBy  pBubBe || Pe
P, By PByBe  L+pBy pBB. || Py
Pl V8. pB:Be pBBy  1+pB2) \ P

(b) When 8 < 1, v ~ 1+ %2/2 and thus v — 1 ~ $?/2. Namely, p ~ 1/2 and
v ~ 1. Then, the Lorentz tranformation obtained above becomes,

1 B By, B

B, 1 0 0| . .
g, 0 1 o |TITHE
5. 0 0 1

(¢) The particle with mass m at rest in K has 4-momentum P = mg”,. Then,
the 4-momentum in K’ is given by

P = A, PY =mAF,g"y = mA¥y.
On the other hand, the same 4-momentum should be

o s
P =mmng



where 7 is the 4-velocity corresponding to 34

1 /i B}(z

/0
Nk = 9 Nk = .
1 — B2 1 — B2
Thus, we should have
AMO = 77/KM .

If we put a mass m at rest in K’, the 4-momenta there is P = mg",. The 4-
momentum in K is given by the inverse transformation of A:

PE = (A1) P = m(A)) = mAg*,

where we have used (A~1)* = A,*. On the other hand, the same 4-momentum can

be written in terms of Sg as
_ I
Pr =mny ,

where 7., is the 4-velocity corresponding to Sx/. Thus, we should have Ag* = 7', or



Problem 1.3
That a rotation around an axis commute with a boost in that direction: Using
the commutations relations between K; and L; as well as 0; = c¢;,

&K, 0;L;] = §0; (K, L] = c&&€i0 K, = 0
———
eiijk

where we noted that &;§; is symmetric while ¢, is antisymmetric under 7 <> j, thus
cancel out when summed over ¢ and j. Then, using the CBH theorem,

efiKieeij — e&z‘Ki+9ij+
0
where the terms indicated by dots are zero since their innermost commutator is
&K, 0;L;] which is zero as shown above. Namely, e5% and %% commute.
That two boosts in the same direction commute: Similarly as above,

&K, § K] = &€ [, K] = —c&jein Ly = 0.

_EijkLk

Thus,
Sl &K GRS R+ o
0

=€

e e
Namely, &% and €% commute.



