Exercise 3.5
In terms of vy matrices, B? and B! can be written as
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We first evaluate [BY, BY] where (i, j, k) are cyclic. Using the anticommutation of ~
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matrixes and 7°° = 1,
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This is consistent with
(B}, B}] = —eijiBy . (%)

where (7, j) is in cyclic order. When (i, 7) is in anti-cyclic order, the above equation is
correct since LHS and RHS both change sign. Also, it is trivially correct when ¢ = j
since both sides are zero. Thus, (x) is correct for all (7, j).

Next we evaluate [B], B}| where (i, j) are in cyclic oder. Taking (ijk) as cyclic,

1 . . 1 . , o 1 . .
B B" = = Ik kAl — Z(ad AKAE A AEAATAK — ZAiad — BT
(B, Bj] 4[7%77] 4(’7777 7777') 57 i
—1 AFE i
1

and thus we get
[Bi, Bj] = €iju By

as in the discussion below (x).
Again for (ijk) in cyclic order,

B, B]] = i[vjv’“,voﬂ = i(vjv’“vovj YY) = ;vovk = By,
l]lj/,yk,yo -1
—1
which leads to
(B}, BY] = €i1.B;

as in the discussion below (x).



Exercise 3.6
(a) We trivially have 12 = 1, v#* = 1 or —1. For o* (u # v),

o1 = intyigha” = P = £1.
We also have 752 = 1 (see text). For axial vectors,

(V75)* = 2" 57" 15 = =" 7ys% = £1.
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(b) For «* or v*~s, v5 does the job:

s = =57, (Y v5)75 = =5 (17") -

For ~s5, a v* does the job as shown above. For o*” (u # v), the v* anticommutes
with it:

(i) = =y*(ir"") .-
Thus, for any I'; (i # 1), there is at least one ', that anticommutes with it. Now the
trace of I'yI';,I"x can be written in two ways as

Tr(T;T'2) (by TrAB = TrBA)

Te(T,T2) = 0.
~Tr(I,T3) (by {T;, T} = 0) - T(il) =0

On the other hand, I'; = +1 by (a); thus, we have TrI['; = 0 (i # 1).
(c) By moving the same *’s to next to each other and using v*? = £1, any
product of v#’s can be uniquely reduced to the form

Pt (1 =0,1,2,3 g <o <pp n<A4)

where c is a constant and all v*’s are different. The axial vector v#v5 corresponds to
n=23a:
Vs =iy Iy = Eiy Py

where «, 3,v are 3 numbers different from p. Thus, up to a constant, if n = 1 it
should be one of the 4 vectors v*, if n = 2 it should be one of the 6 tensors iy*~", if
n = 3 it should be one of the 4 axial vectors y#~;, and if n = 4 it is the pseudoscalar
~v5. When the product of two I';’s are taken, the only way it reduces to the scalar is
that all 7v*’s are paired to form v*?’s; namely, only when the two I';’s are the same.
Thus, for any I'; and I'; (i # j), the product reduces to the above form with n > 0:

(d) Suppose ¥;8, ¢;,I'; = 0. Taking the trace and noting that TrT; = 0 (i # 1), we
have
clTrfl =0 — cC1 = 0.



Multiply I'; (j # 1) to Z}El ¢;I'; = 0 and take the trace. Then the only non-zero term
is i = j since all other terms are proportional to a certain I'y (k # 1):

chrF?:O - ¢ =0. (j#1)

Namely, all the coefficients become zero, and thus I'; (i = 1,...,16) are linearly
independent.



