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Exercise 3.7 (20 pnts)
1. Weyl representation:

γ0 =
(

0 −I
−I 0

)
, γi =

(
0 σi

−σi 0

)
.

The space part is the same as the Direac representation; thus, {γi, γj} = 2gij is
already shown. The rest is to show γ02 = 1 and {γ0, γi} = 0:

γ02 =
(

0 −I
−I 0

)(
0 −I
−I 0

)
=
(
I 0
0 I

)
= 1 .

and

{γ0, γi} = γ0γi + γiγ0

=
(

0 −I
−I 0

)(
0 σi

−σi 0

)
+
(

0 σi

−σi 0

)(
0 −I
−I 0

)
=

(
σi 0
0 −σi

)
+
(−σi 0

0 σi

)
= 0 .

Thus, the γ matrixes in the Weyl representation indeed satisfies {γµ, γν} = 2gµν .
2. The γ matrixes in the Majorana representation (denoted as γµ

M) can be written
using those in the Dirac representation as

γ0
M =

(
0 σ2

σ2 0

)
= γ0γ2 , γ1

M =
(
iσ3 0
0 iσ3

)
= iγ5γ

0γ3 ,

γ2
M =

(
0 −σ2

σ2 0

)
= −γ2 , γ3

M =
(−iσ1 0

0 −iσ1

)
= −iγ5γ

0γ1.

We have to show that γ0
M

2
= 1, γi

M
2
= −1, and they all anticommute, which is

equivalent to {γµ
M , γν

M} = 2gµν . With k = 1 or 3,

γ0
M

2
= γ0γ2γ0γ2 = −γ02γ22 = 1 , γ2

M
2
= γ22 = −1 .

γk
M

2
= −γ5γ

0γkγ5γ
0γk = γ5

2γ02γk2 = −1 .

Anticommutations (again with k = 1 or 3):

{γ0γ2, γ5γ
0γk} = γ0γ2γ5γ

0︸ ︷︷ ︸
γ02γ2γ5

γk + γ5 γ
0γkγ0︸ ︷︷ ︸

−γ02γk

γ2 = γ2γ5γ
k − γ5γ

kγ2︸ ︷︷ ︸
γ2γ5γ

k

= 0 .

{γ0γ2, γ2} = γ0γ2γ2 + γ2γ0γ2 = γ0γ22 − γ0γ22 = 0 .



2

{γ2, γ5γ
0γk} = γ2γ5γ

0γk + γ5γ
0γkγ2︸ ︷︷ ︸

−γ2γ5γ
0γk

= 0

and

{γ5γ0γ1, γ5γ
0γ3} = γ5γ

0γ1γ5γ
0γ3︸ ︷︷ ︸

−γ5
2γ02γ1γ3

+ γ5γ
0γ3γ5γ

0γ1︸ ︷︷ ︸
−γ5

2γ02γ3γ1

= −(γ1γ3 + γ3γ1) = 0 .

Thus, we see that {γµ
M , γν

M} = 0 (µ ̸= ν). Putting all together we have shown
{γµ

M , γν
M} = 2gµν .
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Exercise 3.8
(a) We will use a shorthand for sin and cos: sϕ ≡ sinϕ, cϕ ≡ cosϕ etc.
Using the formula ei⃗a·σ⃗ = ca + i(â · σ⃗)sa and

σz =
(
1 0
0 −1

)
, σy =

(
0 −i
i 0

)
,

the rotation matrix u(θ, ϕ) can be written as

u(θ, ϕ) = e−iϕ
2
σze−i θ

2
σy = (cϕ

2
− iσzsϕ

2
)(c θ

2
− iσys θ

2
)

=

(
cϕ

2
− isϕ

2
0

0 cϕ
2
+ isϕ

2

)(
c θ

2
−s θ

2

s θ
2

c θ
2

)

=

(
e−iϕ

2 0
0 ei

ϕ
2

)
︸ ︷︷ ︸
e−iϕ

2

(
1 0
0 eiϕ

)
(
c θ

2
−s θ

2

s θ
2

c θ
2

)
= e−iϕ

2

(
c θ

2
−s θ

2

eiϕs θ
2

eiϕc θ
2

)
.

Drop the overall phase e−iϕ
2 and apply this to | ↑⟩ and | ↓⟩ to form χ+ and χ−:

χ+ =

(
c θ

2
−s θ

2

eiϕs θ
2

eiϕc θ
2

)(
1
0

)
=

(
c θ

2

eiϕs θ
2

)
,

χ− =

(
c θ

2
−s θ

2

eiϕs θ
2

eiϕc θ
2

)(
0
1

)
=

( −s θ
2

eiϕc θ
2

)
.

Now write them in terms of sx = sθcϕ, sy = sθsϕ. Using sz = cθ, 2c
2
θ = 1 + c2θ,

2s2θ = 1− c2θ, and noting |s+| = sθ,

c θ
2
=

√
1 + cθ

2
=



√√√√ (1 + cθ)2

2(1 + cθ)
=

1 + sz√
2(1 + sz)√√√√ 1− c2θ

2(1− cθ)
=

sθ√
2(1− sz)

s θ
2
=

√
1− cθ

2
=



√√√√ (1− cθ)2

2(1− cθ)
=

1− sz√
2(1− sz)√√√√ 1− c2θ

2(1 + cθ)
=

sθ√
2(1 + sz)
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Since s+ = sθ(cϕ + isϕ) = sθe
iϕ,

eiϕsϕ
2
=

s+√
2(1 + sz)

, eiϕcϕ
2
=

s+√
2(1− sz)

.

Then, χ+ and χ− can be written as

χ+ =
1√

2(1 + sz)

(
1 + sz
s+

)
, χ− =

1√
2(1− sz)

(
sz − 1
s+

)
.

Since the rotation u(θ, ϕ) is a unitary matrix, the norm is conserved; namely, it is
automatically unity.

(b) Using the explicit expression of s⃗ · σ⃗

s⃗ · σ⃗ =
(
sz s−
s+ −sz

)
,

the projection operators are

P+ =
1 + s⃗ · σ⃗

2
=

1

2

(
1 + sz s−
s+ 1− sz

)
, P− =

1− s⃗ · σ⃗
2

=
1

2

(
1− sz −s−
−s+ 1 + sz

)

Applying P± to any vector, say | ↑⟩, should give χ± up to a constant:

χ+ ∝ P+

(
1
0

)
=
(
1 + sz
s+

)
, χ− ∝ P−

(
1
0

)
=
(
1− sz
−s+

)
,

which is consistent with (a).


