Exercise 3.10
Writing the spin signs as n = £1, the two equalities to prove are

Upns Upms = 2m AL (P)E,(8),  VpysTpgs = —2m A_(p)X,(s) .

In proving each of these, we will show that the left side and the right side of equality
result in the same vector when applied to any of the compelte orthonormal basis

(Upins: Vpns) (1= *1). . )
Using the associativity (ab)c = a(bc) (a, b, ¢ are spinors) and the orthonormalities
Upns Ugy's = 2m 5777,7/ and U ns Vs = 0, we have

(Upns Upmz)Upys = Upns (Upgs Upays) = 2M Op oy Ugigs s
—_——

2m 57]”7/

On the other hand, using the properties of the energy and spin projection operators
X (8)Wpys = OnayWpys (W = 1, 0), Ay (P)Upiys = Upys, and Ay (p)vgys = 0,

2m Ay (p) By (8)ugys = 2m 0y Ay (P)Up s = 2 Oy Uy s
—_—— —_———
Oy U’

2m A4 (p) £, (8)vgs = 2m 0y A (p)vsys = 0.

oo 0
O V'3

Thus, the 4 x 4 matrixes ug,zUz,7 and 2m A, (p)X,(s) behave the same way when
they are applied to the complete orthonormal basis: thus, they are the same matrixes.
Similarly,

(V5.5 Upmz)Upars = Vpins (Vpms tgys) =0,

(V5.5 Upnz) Vs = Vg (Vpmz Vpars) = 2M 0ny Vgiga s

and
2m A (p)zn(‘s)uﬁ,n’§ =2m 677,7]’A— (p>uﬁ,77’§ - O,

2m A_ (p) EW(S)U@U/g =2m 57]777//\_ (p) Uﬁm/g =2m 577777/1)]7777/; .

Thus, the 4 x 4 matrixes vz,s V5,5 and 2m A_(p)%,(s) behaves the same way when
they are applied to the complete orthonormal basis: thus, they are the same matrixes.



Problem 3.4
(a) For the time reversal Lorentz transformation

—1
A=T=

the relation S™!q#S = A*,~” reads
G108 = A0 GG =
To verify that S = y'v2¢? indeed satisfy the relations, we first write
S =77y = —ir’s.
Then, using {vs,7*} = 0 and 7°° = ;2 = 1,
§2 = %9570y ="y =1 - S1=85.

(S = S~ works for proper and orthochronous transformations or for space inversion,
but it does not hold in this case.)
Check the time component:

_ . . 2
S8 = (=i 15)7° (=i y5) = =7 s = =95 = =1

Check the space component:
-1, : i i 2 i i i
ST = (=i )7 (=iv"5) = =177 = =1 sy s = 7 =

(b) In the Dirac representation,

. T 0N/0 I\ /(0 —I
S:_”O%:_Z<o —1><I 0)22(1 0)'

(¢) We now apply this transformation to the electron solution
Y'(2') = S(x) with ugze ™* and 2’ = (¢, %) = Te = (-t,7),

where p'in —ip -z and p'in uyzz are the same, and

Pr= (%5 with p0 =/ +m?>0.

Using the expression of uzz in the Dirac representation and dropping the overall
constant,

0 _J —p-c

— .0 - 04t | =

1#’(1/) — ([ 0 ) i e—z(p t—p-T) _ <E+mX+) ez(p t+p-x)’
X+ X+




where we used the space-time variable 2’ following the definition of the transformation.
Comparing this with the positron solutions, we can write

@b/(ZL’,) = U—pj—g‘eip,'wl with p" = (m) —p).

Namely, this is a positron solution of the Dirac equation with momentum —p’ and
physical spin —3.



