Exercise 4.3
The momentum expansions of ¢(z) and 7 (z) are

o(x) = Y (apep(x) +afep(x)),  mlz) =D (=ip")(apep(z) — afe(x)).
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Using the commutation relations among az’s and a;’s and with
r=(t,7), ¥ =(t,7),

the equal-time commutator of ¢(z) and w(2’) is

[¢(z),m(2")] = d_(=ip")apes(z) + afes(w), apep(a’) — ahep(a’)]
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In the last line, we see that the second term is the complex conjugate of the first
(apart from 7). The first term is
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[o(z), m(x")] =i 55 (¥ — 2 )+(§5 (x—x)) =107 —7").
Similarly,

[p(x), $(2")] = > lagep(x) + afep(x), apep(a’) + afes(2')]
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The second term can be seen to be the complex conjugate of the first. On the other
hand, the first term is
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This is real since relabeling p — —p’ changes it to its complex conjugate while the
relabeling should not change the value. (Here, we note that p° = v/p2 + m? does not
change under p'— —p.) Thus, the first and second terms cancel out and we have

[6(x), ¢(z')] = 0.

i7(7-7")

The last commutator is

[w(@), m(2)] = Y (=ip")(=ip”)agep(x) — afes(x), apep(a’) — abes ()]

= 30" ([af o] 5@)ep(a’) + [a ap] exlalep(x'))
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Again, the second term is seen to be the complex conjugate of the first. The first

term is
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which is real since relabeling p’ — —p’ changes it to its complex conjugate while the
relabeling should not change the value. Thus, the first and second terms cancel out,

and we have
[7(z),m(2")] =0.



Exercise 4.4
Using the momentum expansions of ¢(z)

o(x) = > (ages(x) + ae(x))
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the total momentum becomes (normal ordering is implicit)
— 1 3 g =
P = 5 [d26idy(-iV0)

— ;/d% Z(aq’etf(x) + ageg(m))i 9o (—=iV) Y (azep(z) + aler(r))

= o [ @5 Y (ageqlw) + alei(w))i b (apesls) — ales()).
and using the orthonormality of ez(x),
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