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The 𝑡𝑡𝑍/𝛾 couplings 

The 𝑡𝑡𝑍/𝛾 couplings are important probes for new physics 

(e.g.) Predicted deviation of 𝐹 or 𝑔 from SM is ~10 % in composite models. 

 

 

 

 

 

▐ The measurement of the 𝑡𝑡𝑍/𝛾 couplings is difficult in hadron colliders. 

▐ Energy of current lepton colliders (Belle II, etc.) is not enough for 𝑡𝑡  creation. 

 Study at a future lepton collider is needed 
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Γ𝜇
𝑡𝑡𝑋  

𝑋 = 𝑍, 𝛾   

𝑔𝐿 = 𝐹1𝑉 − 𝐹1𝐴, 𝑔𝑅 = 𝐹1𝑉 + 𝐹1𝐴   



Previous study at the ILC 

ILC (International Linear Collider) 

The most mature project of a future 𝑒−𝑒+ collider 

   Clean data & 250-500 GeV & Polarized beam 

 Suitable for the 𝑡𝑡𝑍/𝛾 measurement 
 

Previous study (Eur.Phys.J. C75 (2015) no.10, 512) 

▐ Signal : Semi-leptonic process at 500 GeV 

𝑒−𝑒+ → 𝑡𝑡 → 𝑏𝑊+𝑏 𝑊− → 𝑏𝑞𝑞 𝑏 𝑙𝜈  

▐ Beam polarization :  

𝑃𝑒− , 𝑃𝑒+ = ∓0.8, ±0.3   

▐ Observables : 𝐴𝐹𝐵 , 𝜎 

▐ Parameters : 𝐹 (form factor) or  

                     𝑔 (coupling constant) 
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LHC14, 3000 fb-1 

From Phys.Rev.D63 (2006) 034016 

ILC, 500 fb-1 



Full angular analysis 

The previous study used 𝐴𝐹𝐵, 𝜎   

▐ Obtained from 𝑒−𝑒+ → 𝑡𝑡  process 

 

 

 

Decay process has also the 

information of the 𝑡𝑡𝑍/𝛾 couplings 

▐ Top quark decays before hadronization 

▐ Angular distributions of decay particles 

depend on the spin of top quark  
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Full angular analysis gives intrinsically higher sensitivities 



Goal of this study 

Goal of this study 

Development of the search technique for the anomalous 𝑡𝑡𝑍/𝛾 couplings 

with the full angular analysis based on the ILD full simulation. 

 

▐ Reconstruction of the di-leptonic process; 

𝑒−𝑒+ → 𝑡𝑡 → 𝑏𝑊+𝑏 𝑊− → 𝑏𝑙+𝜈𝑏 𝑙−𝜈   

 The most observables can be obtained 

 

▐ Analysis with the matrix element method 

▐ Analysis with the binned likelihood method 
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Setup of simulation 

Parameter setup 

Signal and major backgrounds 



Parameter setup 

Setup of simulation 

Center-of-mass energy 𝑠 500 GeV 

Beam polarization 𝑃𝑒− , 𝑃𝑒+  
(-0.8, +0.3) / (+0.8, -0.3) 

Left / Right 

Integrated luminosity 𝐿 250 fb-1 / 250 fb-1 

Top quark mass 𝑚𝑡 174 GeV 

Other physics parameters Consistent with SM-LO 

Event generator : WHIZARD, Pythia 

Detector simulation : Mokka, Marlin 
 

Parameter setup is based on the TDR and DBD. 
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Signal and major backgrounds 

Setup of simulation 

Signal : 𝑒−𝑒+ → 𝑏𝑏 𝜇−𝜇+𝜈𝜈  

▐ We focus on the process of 𝑾’s decay to 𝝁𝝂𝝁  

The most accurate to be reconstructed  

in the di-leptonic decay process 

▐ Includes the single top production, 𝑍𝑊𝑊 etc. 

These are the irreducible background 

Major backgrounds 

▐ 𝑒−𝑒+ → 𝑞𝑞 𝑙−𝑙+ (mainly 𝑒−𝑒+  → 𝑍𝑍 → 𝑞𝑞 𝑙−𝑙+) 

▐ 𝑒−𝑒+ → 𝑏𝑏 𝑙−𝑙+𝜈𝜈  (except for 𝑏𝑏 𝜇−𝜇+𝜈𝜈 ) 

They can have 2 b-jets and 2 isolated muons 

10 

Single top production 

𝑒−𝑒+  → 𝑍𝑍 → 𝑞𝑞 𝑙−𝑙+ 



Signal Reconstruction 

Reconstruction process 

Algorithm of the kinematical reconstruction 

Combination of mu and b-jet 

Event selection 



Reconstruction Process 

Reconstruct all final state particles, 𝑏𝑏 𝜇−𝜇+𝜈𝜈 .  
 

1. Selection of 𝜇+ and 𝜇− 

▐ 𝜇−, 𝜇+ are isolated from other particles 

▐ Extract isolated muons as final state muons 

 

 

2. Jet clustering and b-tagging 

▐ Cluster jet particles corresponding 𝑏, 𝑏   

▐ 𝐵, 𝐷 meson moves ~100 μm before the decay 

▐ Assess the “b-likeness” from the vertex information 

(such as # of vtx. and distance between IP and vtx.) 
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Isolated muon Muon included 

in a jet 

Image of  b-jets 



Reconstruction Process 

3. Kinematical Reconstruction 

▐ 𝜈, 𝜈  are not detectable at the ILD detector. 

▐ To recover them, impose the following constraints 

• Initial state constraints : 𝐸total = 500 GeV, 𝑃total = 0 GeV 

• Mass constraints : 𝑚𝑡,𝑡 = 174 GeV, 𝑚𝑊± = 80.4 GeV 

▐ 𝛾  of the ISR/Beamstrahlung deteriorates the initial state condition. 

Assume the 𝛾 is along the beam direction (z-axis). 
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Unknowns 

𝑃𝜈 , 𝑃𝜈 , 𝑃𝛾,𝑧 : 7 

Constraints 

𝐸total, 𝑃total, 

𝑚𝑡 , 𝑚𝑡 , 𝑚𝑊+ , 𝑚𝑊− : 8 



Algorithm of the Kinematical Reconstruction 

▐ Introduce 4 free parameters : 𝑃𝜈 , 𝑃𝛾,𝑧  

𝑃𝜈  can be computed using the initial momentum constraints 

𝑃𝜈 = −𝑃vis. − 𝑃𝜈 − 𝑃𝛾, 𝑃vis. = 𝑃𝑏 + 𝑃𝑏 + 𝑃𝜇+ + 𝑃𝜇−  

 

▐ Define the likelihood function : 

𝐿0 𝑃𝜈 , 𝑃𝛾,𝑧 = 𝐵𝑊 𝑚𝑡 𝐵𝑊 𝑚𝑡 𝐵𝑊 𝑚𝑊+ 𝐵𝑊 𝑚𝑊− 𝐺𝑎𝑢𝑠 𝐸total  

 

▐ To correct the energy resolution of b-jets, add 2 parameters, 𝐸𝑏, 𝐸𝑏 , with 

the resolution functions to 𝐿0 : 

𝐿 𝑃𝜈 , 𝑃𝛾,𝑧 , 𝐸𝑏, 𝐸𝑏 = 𝐿0 × 𝑅𝑒𝑠 𝐸𝑏 , 𝐸𝑏
meas. 𝑅𝑒𝑠 𝐸𝑏 , 𝐸𝑏 

meas.  

Define 𝑞 𝑃𝜈, 𝑃𝛾,𝑧 , 𝐸𝑏, 𝐸𝑏 = −2 log 𝐿 + Const.  

scaled as the minimum of each component (𝐵𝑊 𝑚𝑡 , etc) is equal to 0 
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Combination of 𝜇 and b-jet 

Choice of a combination of 𝜇 and b-jet 

There are two candidates for the combination 

▐ Select one having smaller 𝑞, defined as 𝒒𝐦𝐢𝐧 

▐ Fraction of correct combination is ~83% 

 

 

cos 𝜃𝑡 distribution (Rec vs. MC Truth) 

 Correct combination: OK ! 

 Miss combination: Disagree with the MC truth. 

Need to estimate an effect of the miss 

combination for the analysis. 
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𝑞min distribution  (Left polarization) 

cos 𝜃𝑡 distribution  (Left polarization) 



Event Selection   

Signal Reconstruction 16 

▐ Quality cut : 

𝑞min  means the quality of reconstruction. 

Useful to suppress the backgrounds. 
 

Criteria are optimized for the significance,  

𝑆 =
𝑁signal

𝑁signal + 𝑁background

 

𝑞min distribution (Left polarization) 

Left Polarization 

Cut Criteria 

Signal 

𝑏𝑏𝜇𝜇𝜈𝜈  
 𝒕𝒕 

except 

for 𝒕𝒕  
All bkg.  𝑞𝑞𝑙𝑙 𝑏𝑏𝑙𝑙𝜈𝜈  

No cut 2837 8410633 91478 23312 

𝑁𝜇− = 1 & 𝑁𝜇+ = 1  2618 327488 13827 387 

b-tag cut 2489 2215 273 4143 2943 363 

Quality cut (𝒒𝐦𝐢𝐧 < 𝟏𝟏. 𝟓)  2396 2103 195 624 258 313 

(*) Separate signals into 𝑡𝑡  and the other process from WHIZARD information 

Cut 



Analysis 

The amplitude of the di-leptonic process 

Expansion of the amplitude at SM values 

Binned likelihood method 

Comparison with Previous study 



The amplitude of the di-leptonic process 

The amplitude of the di-leptonic process is a function of 9 angles. 

𝑀 2 cos 𝜃𝑡 , cos 𝜃𝑊+ , 𝜙𝑊+ , cos 𝜃𝑊− , 𝜙𝑊− , cos 𝜃𝑙+ , 𝜙𝑙+ , cos 𝜃𝑙− , 𝜙𝑙−; 𝐹  

 

 

 

 

 

 

 

 

It is difficult to handle the 9-dimention phase space 

 Expand the amplitude in the form factors, 𝐹 
Analysis 18 

Definition of  𝜃’s 
 

𝜙’s are defined in each XY plane from X-axis 



Expansion of the amplitude at SM value 

Expand the amplitude in the form factors, 𝐹, at SM value : 

𝑀 2(Φ; 𝐹) = 1 +  𝜔𝑖 Φ 𝛿𝐹𝑖

𝑖

+  𝜔 𝑖𝑗 Φ 𝛿𝐹𝑖𝛿𝐹𝑗

𝑖𝑗

𝑀𝑆𝑀 2 Φ; 𝐹SM  

𝜔𝑖 =
1

𝑀 2 Φ

𝜕 𝑀 2 Φ

𝜕𝐹𝑖
 
𝛿𝐹=0

, 𝜔 𝑖𝑗 =
1

𝑀 2 Φ

𝜕2 𝑀 2 Φ

𝜕𝐹𝑖𝜕𝐹𝑗
 
𝛿𝐹=0

, 𝛿𝐹𝑖 = 𝐹𝑖 − 𝐹𝑖
SM 

Φ is a vector of the angles, 𝐹 is a vector of the form factors. 

𝜔, 𝜔  are the optimal variables for the form factors 
 

(*) Matrix element method 

Use all 𝜔 and 𝜔  with unbinned likelihood method. 

It is difficult to involve the experimental effects to the likelihood function 
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Binned likelihood method 

Use only 𝜔 ignoring the second order of 𝛿𝐹 

▐ Prepare 𝜔 distribution with large full simulation 

▐ Fit the simulation distribution to a binned 

“data”(*) using the following 𝜒2 

𝜒2 𝛿𝐹 =  
𝑛𝑖

Data−𝑛𝑖
Sim. 𝛿𝐹

𝑛𝑖
Data

𝑁𝑏𝑖𝑛
𝑖=1

2

  

(*) The “data” is also obtained from the full 

simulation. It will be replaced for real data. 
 

We have done single parameter fit for each 𝐹. 

(e.g.) 𝛿𝐹 1𝑉
𝛾

= −0.0038 ± 0.0071 

         C.L. =  55.2 % 

Consistent with SM (input) value 
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𝜔 distribution of  𝛿𝐹 1𝑉
𝛾

 (Left pol.)  

𝜒2(𝛿𝐹 1𝑉
𝛾

) function  



Comparison with previous study 

Difference of 𝑁𝑠𝑖𝑔𝑛𝑎𝑙 is 

𝑁semi−lep

𝑁𝑏𝑏𝜇𝜇𝜈𝜈
≃

6
9 ×

2
9 × 2

1
9 ×

1
9

= 24 

 A factor of 5 can be expected 
 

▐ Consistent with the previous study 

▐ If this method is applied for the 

semi-leptonic process, it’s possible 

that the precision will be improved 
 

(*) Although some results of previous study 

are from multi-fit, the correlation is small. 
 

(1) Eur.Phys.J. C75 (2015) no.10, 512 

(2) arXiv:1710.06737 [hep-ex]. 
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Form factor Previous (1) 

semi-lep 

This study 

𝒃𝒃𝝁𝝁𝝂𝝂 

𝐹1𝑉
𝛾

 ±0.002 ±0.0071 

𝐹1𝑉
𝑍  ±0.003 ±0.0128 

𝐹1𝐴
𝛾

 --- ±0.0162 

𝐹1𝐴
𝑍  ±0.007 ±0.0262 

𝐹2𝑉
𝛾

 ±0.001 ±0.0058 

𝐹2𝑉
𝑍  ±0.002 ±0.0102 

Form factor Previous (2) 

semi-lep 

This study 

𝒃𝒃𝝁𝝁𝝂𝝂 

𝑅𝑒𝐹2𝐴
𝛾

 ±0.005 ±0.0238 

𝑅𝑒𝐹2𝐴
𝑍  ±0.007 ±0.0351 

𝐼𝑚𝐹2𝐴
𝛾

 ±0.006 ±0.0223 

𝐼𝑚𝐹2𝐴
𝑍  ±0.010 ±0.0394 



Summary 

Summary 



Summary 

▐ Development of the search technique for the anomalous 𝑡𝑡𝑍/𝛾 

couplings with full angular analysis based on the ILD full simulation. 
 

▐ Reconstructed full kinematics of the di-leptonic process (especially 𝜇

𝜇) from the kinematical reconstruction. 
 

▐ Estimated the statistical errors from the binned likelihood fit for the 

𝜔 distribution and confirmed the validity of this method. 
 

▐ The precision is consistent with the previous study and there’s a 

possibility of improvement if this method is applied for the semi-

leptonic state. 
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Backup 

Introduction 24 



ILC (International Linear Collider) 

Physics Motivation 

▐ Precise measurement of Higgs 

boson and Top quark 

▐ New physics search 
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ILC250 (Staging Plan), 2017 

• 𝑠 = 250 GeV 

• Length : 20 km 

TDR (Technical Design Report), 2013 

• 𝑠 = 250-500 GeV  1 TeV 

• Length : 31 km  50 km 



ILD (International Large Detector) 
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The ILD is composed of  

• Vertex detector 

• TPC 

• ECAL 

• HCAL 

• Yoke / Muon detector 

• Forward detectors 

 

The reconstruction process uses all aspects of the ILC 



Isolated muon finder 

 

 

 

 

 

 

 

Energy ratio between 𝜇 and a cone 

𝑅 = 𝐸𝜇/𝐸𝑐𝑜𝑛𝑒 is a quantity to evaluate how isolated the muon is. 

(𝐸𝑐𝑜𝑛𝑒 : total energy of particles in the cone) 

𝜇 from W boson is more isolated than other 𝜇 

 
Signal Reconstruction 

𝜇 𝜇 Cone Cone 
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Isolated muon finder 

Signal Reconstruction 

Quantities 

𝑅 = 𝐸𝜇/𝐸𝑐𝑜𝑛𝑒, 𝐸𝑐𝑜𝑛𝑒,𝑛𝑒𝑢𝑡𝑟𝑎𝑙, 𝐸𝑐𝑜𝑛𝑒,𝑐ℎ𝑎𝑟𝑔𝑒𝑑 

cos 𝜃 =
𝑃𝜇⋅𝑃𝑐𝑜𝑛𝑒

|𝑃𝜇|×|𝑃𝑐𝑜𝑛𝑒|
 ,  Δ𝐸𝐸𝐶𝐴𝐿, Δ𝐸𝑌𝑜𝑘𝑒, … 

 

TMVA 
Multi variable analysis tool 
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Jet clustering 

General strategy  

Merge a pair of particles whose “Distance” is the smallest until a condition 

meets “Criteria” 

“Distance”  

Durham algorithm : 𝑌𝑖𝑗 = 2
min 𝐸𝑖

2,𝐸𝑗
2 1−cos 𝜃𝑖𝑗

𝐸𝑣𝑖𝑠
2 , 𝜃𝑖𝑗 : angle between 𝑃𝑖 and 𝑃𝑗 

kt algorithm : 𝑑𝑖𝑗 = min 𝑝𝑇𝑖
2, 𝑝𝑡𝑗

2 𝑅𝑖𝑗

𝑅
 or 𝑑𝑖𝐵 = 𝑝𝑡𝑖

2, 𝑅𝑖𝑗
2 = 𝜂𝑖 − 𝜂𝑗

2
+ 𝜙𝑖 − 𝜙𝑗

2
 

                      𝜂 : pseudo rapidity, 𝜙 azimuthal angle 

“Criteria” 

• Number of remaining particles is equal to 𝑁Req 

• The smallest distance is smaller than 𝐷Req 
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𝛾𝛾 → hadrons rejection 

𝑏, 𝑏  are reconstructed from the rest of particles with LCFIPlus 

 

 

 

 

 

 

 

Strongly peaked at very forward region by mistake 

𝛾𝛾 → hadrons are emitted along the beam direction 
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cos 𝜃𝑗𝑒𝑡 distribution 



𝛾𝛾 → hadrons rejection 

Eliminate particles close to beam direction rather than other particles 

with kt algorithm. 

 

 

 

 

 

 

 

Good agreement between Rec and MC 
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cos 𝜃𝑗𝑒𝑡 distribution 



b-tagging with LCFIPlus 

b-tag is TMVA output indicating “b-likeness” 

of a jet obtained by the LCFIPlus(*). 

• b-tagMax : the largest b-tag  

• b-tag2nd : the 2nd largest b-tag 
 

 

▐ Signal has large b-tagMax 

▐ Many of bkg. have small b-tagMax and  

b-tag2nd 

𝑏 − 𝑡𝑎𝑔𝑀𝑎𝑥  >  0.5 or 𝑏 − 𝑡𝑎𝑔2𝑛𝑑  >  0.3 

 

(*) A software package of Marlin for the 

multi-jet analysis. 
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b-tag value (Left polarization) 



Flow of Reconstruction 

Signal Reconstruction 33 



Kinematical Reconstruction 

𝐵𝑊 𝑥; 𝑚, Γ ∝
1

1 +
𝑥2 − 𝑚2

𝑚Γ

2 

𝐺𝑎𝑢𝑠 𝑥; 𝜇, 𝜎 ∝ exp −
𝑥 − 𝜇

2𝜎

2

 

Detail definition of 𝐿0 is  

𝐿0 𝑃𝜈 , 𝑃𝛾,𝑍 = 𝐵𝑊 𝑚𝑡; 174,5 𝐵𝑊 𝑚𝑡 ; 174,5  

⋅ 𝐵𝑊 𝑚𝑊+; 80.4,5 𝐵𝑊 𝑚𝑊−; 80.4,5 𝐺𝑎𝑢𝑠 𝐸total; 500,0.39  

▐ Larger value for Γ than theoretical value is set because of detector effects 

▐ 𝜎 is caused by the Beam energy spread. 
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Energy resolution of b-jet 

Estimate the energy resolution of b-jet with the following 𝑅𝑒𝑠 𝐸𝑏, 𝐸𝑏
meas.  ; 

𝑅𝑒𝑠 𝐸𝑏 , 𝐸𝑏
meas. = 1 − 𝑓 𝐶𝐵 Δ𝐸𝑏; 𝛼, 𝑛, 𝜇𝐶𝐵 , 𝜎𝐶𝐵 + 𝑓 ∗ 𝐺𝑎𝑢𝑠 Δ𝐸𝑏; 𝜇𝐺𝑎𝑢𝑠, 𝜎𝐺𝑎𝑢𝑠  

 

Divide into 3 regions ; cos 𝜃 = 0, 0.9 , 0.9, 0.95 , 0.95, 1  
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Crystal Ball function 

Crystal Ball function consists of a Gaussian core portion and power-law tail. 
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Results of Reconstruction 

Top quark polar angle distribution, cos 𝜃𝑡 

 

 

 

 

 

 

Considerable migration occurs in the Left polarization case 

Some events pass from forward to backward because of the miss 

combination of 𝜇 and b-jet. 
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𝑒− 𝑒+ 

𝑡 

𝑡  

𝜃𝑡 

Definition of  𝜃𝑡 



Dependence from the beam polarization 

Left polarization 

Reconstructed distribution of miss 

combination is very different from 

the MC truth.  
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cos 𝜃𝑡 distribution (Left polarization) cos 𝜃𝑡 distribution (Right polarization) 

Right polarization 

Similar distribution can be 

reconstructed even when the miss 

combination is selected. 

 



Dependence from the beam polarization 

Left polarization 

Peak at cos 𝜃𝑡 ≃ 1 & cos 𝜃𝑏 ≃ 1 

 Migration is asymmetry   
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cos 𝜃𝑡 vs. cos 𝜃𝑏 (Left polarization) cos 𝜃𝑡 vs. cos 𝜃𝑏 (Right polarization) 

Right polarization 

Peak at cos 𝜃𝑡 ≃ 1 & cos 𝜃𝑏 ≃ −1 

 Migration is symmetry 

cos 𝜃𝑏 ≃ 1  b-jets are energetic  

 Migration effect is strong  

 



Cut table (Right Polarization) 

Criteria of 𝒕𝒕  : 

𝑀𝑏𝜇+𝜈 − 174 < 15 & 𝑀𝑏 𝜇−𝜈 − 174 < 15 

J. Fuster et al. Eur. Phys. J. C 75, 223 (2015) 
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Right Polarization 

Cut Criteria 

Signal 

𝑏𝑏𝜇𝜇𝜈𝜈  
 𝒕𝒕 

except 

for 𝒕𝒕  
All bkg.  𝑞𝑞𝑙𝑙 𝑏𝑏𝑙𝑙𝜈𝜈  

No cut 1261 3751175 46344 10117 

𝑁𝜇− = 1 & 𝑁𝜇+ = 1  1170 230260 6987 189 

b-tag cut 1097 1046 79 2118 1468 181 

Quality cut (𝒒𝐦𝐢𝐧 < 𝟏𝟐. 𝟓)  1046 976 70 297 132 151 



Matrix element method 

▐ Based on the unbinned likelihood method. The likelihood function is 

computed from the amplitude. 

 Full kinematics are used = The most sensitive method in principle. 

▐ Fit results are almost consistent 

with SM values. 

• ~1.5 σ biases are observed for  

several form factors 
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Correlation coefficient for 𝐹  

• Correlation coefficient between 𝐹 1𝑉
𝑍/𝛾

 and 𝐹 2𝑉
𝑍/𝛾

 is about 0.6 

• The others are less than 0.15 
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Correlation coefficient for 𝐹 
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• Correlation coefficient between 𝐹1𝑉
𝑍/𝛾

 and 𝐹2𝑉
𝑍/𝛾

 is about 0.97 

• The others are less than 0.36 

 



Goodness of fit for the MEM 

Expectation value of 𝜔 when the fit 

results are assigned should be equal to 

mean of reconstructed 𝜔 distribution 

𝜒GoF,𝑘
2 𝛿𝐹fit =

𝜔𝑘 − Ω𝑘(𝛿𝐹fit)
2

𝜔𝑘
2 − 𝜔𝑘

2 /𝑁𝑑𝑎𝑡𝑎

 

𝜒 GoF,𝑘𝑙
2 𝛿𝐹fit =

𝜔 𝑘𝑙 − Ω 𝑘𝑙(𝛿𝐹fit)
2

𝜔 𝑘𝑙
2 − 𝜔 𝑘𝑙

2 /𝑁𝑑𝑎𝑡𝑎

 

 

Some 𝜒GoF
2  have large value (6~10).  

 Goodness of fit for the MEM is bad. 
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Table of  𝜒GoF
2 , 𝜒 GoF

2  (Left polarization) 



Reweighting (Template-like) Technique  

Binned likelihood method : 𝜒2 𝛿𝐹 =  
𝑛𝑖

Data−𝑛𝑖
Sim. 𝛿𝐹

𝑛𝑖
Data

𝑁𝑏𝑖𝑛
𝑖=1

2

  

𝑛𝑖
Sim. 𝛿𝐹  is obtained from the large full simulation 

Reweighting technique : 

Produce a sample using SM value, then change the weight of events. 

𝑛𝑖
Sim. 𝛿𝐹 = 𝑛𝑖

Sim.,sig
𝛿𝐹 + 𝑛𝑖

Sim.,bkg
 

= 𝑛𝑖
Sim.,sig

0 1 𝜔 𝑖𝛿𝐹 + 𝜔 𝑖𝛿𝐹2 + 𝑛𝑖
Sim.,bkg

 

≃ 𝑛𝑖
Sim.,sig

0 1 + 𝜔 𝑖𝛿𝐹 + 𝑛𝑖
Sim.,bkg

 

 

Template technique : Produce many samples using different parameters 
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Overestimate of goodness of fit 

We don’t have enough statistics for the background events for now. 

𝜒2 𝛿𝐹 =  
𝑛𝑖

Data−𝑛𝑖
Sim. 𝛿𝐹

𝑛𝑖
Data

𝑁𝑏𝑖𝑛
𝑖=1

2

→  
𝑛𝑖

Data,Sig.
−𝑛𝑖

Sim.,Sig.
𝛿𝐹

𝑛𝑖
Data

𝑁𝑏𝑖𝑛
𝑖=1

2

  

When 𝑛𝑖
Data,Sig.

= 𝛼𝑛𝑖
Data 𝛼 < 1  

 
𝑛𝑖

Data,Sig.
− 𝑛𝑖

Sim.,Sig.
𝛿𝐹

𝑛𝑖
Data

𝑁𝑏𝑖𝑛

𝑖=1

2

= 𝛼  
𝑛𝑖

Data,Sig.
− 𝑛𝑖

Sim.,Sig.
𝛿𝐹

𝑛𝑖
Data,Sig

𝑁𝑏𝑖𝑛

𝑖=1

2

 

≡ 𝛼𝜒Sig
2  

min 𝜒Sig
2  obeys chi-square distribution of 𝑛. 𝑑. 𝑓. = 𝑁𝑏𝑖𝑛 − 𝑁para 

 𝜒2 𝛿𝐹  may be 1/𝛼 times larger if backgrounds are included in 𝜒2 𝛿𝐹  
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