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Problem 4.3
The Lagrangian density for the Dirac field can be written as

L = ψ̄(i∂/ −m)ψ

= ψ†γ0γµ∂µψ −mψ†γ0ψ

= ψ∗b i(γ
0γµ)ba∂µψa −mψ∗b (γ

0)baψa .

Applying the Euler-Lagrange equation

∂L
∂ϕk

= ∂µ
∂L

∂(∂µϕk)

with ϕk = ψa (regarding ψa and ψ∗a as independent),

∂L
∂ψa

= −mψ∗b (γ0)ba

∂µ
∂L

∂(∂µψa)
= ∂µψ

∗
b i(γ

0γµ)ba ;

namely,
−mψ∗b (γ0)ba = ∂µψ

∗
b i(γ

0γµ)ba

or,

−mψ̄ = i∂µψ̄γ
µ → ψ̄(i

←
∂/ +m) = 0 ,

which is the Dirac equation for ψ̄.
Now, with ϕk = ψ∗b ,

∂L
∂ψ∗b

= i(γ0γµ)ba∂µψa −m(γ0)baψa

∂µ
∂L

∂(∂µψ∗b )
= 0 .

namely,
iγ0γµ∂µψ −mγ0ψ = 0 .

Multiplying γ0 from the left, we obtain

(i∂/ −m)ψ = 0 .


