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Exercise 3.1 (10 pnts)
First, we see that σ2

i is identity:

σ2
1 =

(
0 1
1 0

)(
0 1
1 0

)
=

(
1 0
0 1

)
= 1 ,

σ2
2 =

(
0 −i
i 0

)(
0 −i
i 0

)
=

(
1 0
0 1

)
= 1 ,

σ2
3 =

(
1 0
0 −1

)(
1 0
0 −1

)
=

(
1 0
0 1

)
= 1 .

We also see that σiσj = iσk (ijk :cyclic):

σ1σ2 =
(
0 1
1 0

)(
0 −i
i 0

)
=

(
i 0
0 −i

)
= iσ3 ,

σ2σ3 =
(
0 −i
i 0

)(
1 0
0 −1

)
=

(
0 i
i 0

)
= iσ1 ,

σ3σ1 =
(
1 0
0 −1

)(
0 1
1 0

)
=

(
0 1
−1 0

)
= iσ2 .

Right-multiplying σi to σkσi = iσj (ijk :cyclic):,

σk σ2
i︸︷︷︸
1

= iσjσi → σjσi = −iσk (ijk : cyclic) .

Together with σiσj = iσk (ijk :cyclic), this means {σi, σj} = 0 (i ̸= j). This and
σ2
i = 1 can be combined as

{σi, σj} = 2δij .

On the other hand, σiσj = iσk (ijk :cyclic) and {σi, σj} = 0 can be written as

[σi, σj] = 2iϵijkσk .
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Exercise 3.2
Summing {σi, σj} = 2δij and [σi.σj] = 2iϵijkσk,{

σiσj + σjσi = 2δij
σiσj − σjσi = 2iϵijkσk

→ σiσj = δij + iϵijkσk .

Then,

(⃗a · σ⃗)(⃗b · σ⃗) = (aiσi)(bjσj) = aibjσiσj

= aibj(δij + iϵijkσk) = aibi + iσk ϵijkaibj︸ ︷︷ ︸
(⃗a× b⃗)k

= a⃗ · b⃗+ iσ⃗ · (⃗a× b⃗) .

Applying this to a⃗ = b⃗ = â,
(â · σ⃗)2 = â2 = 1 .

Using this and a definition of matrix exponentiation,

ei⃗a·σ⃗ = eia(â·σ⃗)

= 1 + ia(â · σ⃗) + 1

2!
(ia(â · σ⃗))2 + 1

3!
(ia(â · σ⃗))3 + · · ·

= 1 + ia(â · σ⃗)− 1

2!
a2 − 1

3!
ia3(â · σ⃗) + · · ·

= (1− a2

2!
+ · · ·) + i(â · σ⃗)(a− a3

3!
+ · · ·)

= cos a+ i(â · σ⃗) sin a .
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Exercise 3.3
We note that {αi, αj} = 0 (i ̸= j) and α2

i = 1 are equivalent to

{αi, αj} = 2δij .

We also have
{αi, β} = 0 , β2 = 1 .

For (µ, ν = 1, 2, 3),

{γi, γj} = {βαi, βαj} = β

−βαi︷︸︸︷
αi β αj + β

−βαj︷ ︸︸ ︷
αj β αi

= − β2︸︷︷︸
1

(αiαj + αjαi︸ ︷︷ ︸
2δij

) = 2gij .

For µ = 0 and ν = i (µ = i, ν = 0 is included since {γµ, γν} = {γν , γµ} )

{γ0, γi} = {β, βαi} = β2αi +

−αiβ︷︸︸︷
βαi β

= αi − αi = 0 = 2g0i .

For µ = ν = 0,
{γ0, γ0} = 2γ02 = 2β2 = 2 = 2g00 .

Thus, we have shown that
{γµ, γν} = 2gµν .


