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Problem 3.3
(a) Using the explicit γ matrices in the Dirac representation,

p/ = Eγ0 − piγi = E
(
I 0
0 −I

)
− pi

(
0 σi

−σi 0

)
=
(

E −p⃗ · σ⃗
p⃗ · σ⃗ −E

)
.

(b) With c ≡
√
E +m and (p⃗ · σ⃗)2 = p⃗2 = E2 −m2,

p/u = c
(

E −p⃗ · σ⃗
p⃗ · σ⃗ −E

) χ

p⃗ · σ⃗
E +m

χ

 = c


Eχ− (p⃗ · σ⃗)2

E +m
χ

(p⃗ · σ⃗)χ− E
p⃗ · σ⃗
E +m

χ



= c


(
E − E2 −m2

E +m

)
χ

(
1− E

E +m

)
(p⃗ · σ⃗)χ

 = c

 mχ

m
p⃗ · σ⃗
E +m

χ

 = mu .

Thus, we have (p/ −m)u = 0.
Similarly,

p/v = c
(

E −p⃗ · σ⃗
p⃗ · σ⃗ −E

) p⃗ · σ⃗
E +m

χ

χ

 = c


E

p⃗ · σ⃗
E +m

χ− (p⃗ · σ⃗)χ

(p⃗ · σ⃗)2

E +m
χ− Eχ



= c


( E

E +m
− 1

)
(p⃗ · σ⃗)χ

(E2 −m2

E +m
− E

)
χ

 = c

−m p⃗ · σ⃗
E +m

χ

−mχ

 = −mv .

Namely, (p/ +m)v = 0. Note that in the above χ could be any 2-component vector.
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Problem 3.5
(a) Denote the gamma matrixes in the Weyl representation as γµW :

γ0W =
(
0 1
1 0

)
, γiW =

(
0 σi

−σi 0

)
.

The transformation of γ0 is

V
(
1 0
0 −1

)
V −1 =

(
0 1
1 0

)
.

Since the elements are all real, we take the 2×2 unitary matrix V to be real, namely,
orthogonal matrix which is a rotation in 2-dimensional space:

V =
(
c −s
s c

)
→ V −1 =

(
c s
−s c

)
,

where c = cos θ and s = sin θ. Trying this to γ0,(
c −s
s c

)(
1 0
0 −1

)(
c s
−s c

)
=
(
c2 − s2 2sc
2sc s2 − c2

)
=
(
cos 2θ sin 2θ
sin 2θ − cos 2θ

)
=
(
0 1
1 0

)
.

Namely,
cos 2θ = 0 , sin 2θ = 1 ,

or,

2θ =
1

2
π + 2nπ , → θ =

1

4
π + nπ .

Taking different n only changes overall sign. Trying n = 1, we have c = 1/
√
2, s =

1/
√
2, and

V =
1√
2

(
1 −1
1 1

)
→ V −1 = V † =

1√
2

(
1 1
−1 1

)
.

It keeps the form of γi the same:

V γiV −1 =
1

2

(
1 −1
1 1

)(
0 σi

−σi 0

)(
1 1
−1 1

)
=
(

0 σi
−σi 0

)
= γiW .

(b) Write the boost matrix S in the Dirac representation as

S = c
(

1 σP
σP 1

)
with c ≡

√
E +m

2m
, σP ≡ p⃗ · σ⃗

E +m
.

Then, S in the Weyl representation becomes

V SV −1 =
c

2

(
1 −1
1 1

)(
1 σP
σP 1

)(
1 1
−1 1

)
= c

(
1− σP 0

0 1 + σP

)
:
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namely, SW =

√
E +m

2m

(
1− p⃗·σ⃗

E+m
0

0 1 + p⃗·σ⃗
E+m

)
.

(c) In the Weyl representation, the generators of boost and rotations are in general
given by (i, j, k: cyclic)

B0i =
1

2
γ0Wγ

i
W =

1

2

(−σi 0
0 σi

)
,

Bij =
1

2
γjγk =

1

2

(−σiσj 0
0 −σiσj

)
=

1

2

(−iσk 0
0 −iσk

)
= Br

k .

Then, the general Lorentz transformation can be written as

SW = exp
(
ξiB

0i + θkB
r
k

)
= exp

(
1
2
(−ξ⃗ · σ⃗ − iθ⃗ · σ⃗) 0

0 1
2
(ξ⃗ · σ⃗ − iθ⃗ · σ⃗)

)

=

(
exp(−ξ⃗ · σ⃗

2
− iθ⃗ · σ⃗

2
) 0

0 exp(ξ⃗ · σ⃗
2
− iθ⃗ · σ⃗

2
)

)
.

Thus, the top half ϕR and the bottom half ϕL of the 4-spinor transforms independently
in the Weyl representation. Corresponding generators are

Gi = −σi
2

Hi = −iσi
2

for ϕR ,

Gi =
σi
2

Hi = −iσi
2

for ϕL .

(d) In the Weyl representation, the massless Dirac equation is

iγµW∂µψW = 0 with ψW =
(
ϕL

ϕR

)
.

Using the explicit expressions for γµW ,

i
[(

0 1
1 0

)
∂0 +

(
0 σi

−σi 0

)
∂i

] (
ϕL

ϕR

)
= 0 .

→
{
i(∂0 + σ⃗ · ∇)ϕR = 0 ,

i(∂0 − σ⃗ · ∇)ϕL = 0 .


