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Abstract

The International Linear Collider (ILC) is a proposed high-precision electron-positron
collider designed to explore fundamental questions in particle physics, particularly through
detailed studies of the Higgs boson and top quark. A central component of the ILC is
the use of Superconducting Radio Frequency (SRF) cavities, which offer high accelerating
gradients and reduced power loss at cryogenic temperatures. Understanding the electro-
magnetic properties of superconducting materials used in SRF cavities, such as niobium
(Nb) and niobium-tin (Nb3Sn), is essential for optimizing cavity performance. Among
these properties, the London penetration depth, which characterizes the exponential de-
cay of magnetic fields within a superconductor, is of great importance.

This thesis presents a practical method to measure the London penetration depth
based on an inductive technique using a planar spiral coil. In this approach, a spiral coil
is integrated into a resonant circuit and positioned near the surface of a superconducting
sample. As the temperature of the sample changes, so does its penetration depth, leading
to a measurable shift in the resonant frequency of the circuit. By tracking this frequency
shift with a network analyzer and applying a parametrized inversion formula based on the
analytical solutions of Maxwell’s equations, the temperature dependence of the London
penetration depth can be extracted.

A two-dimensional Green’s function is derived for calculating the magnetic vector
potential of an axis-symmetric coil placed below a conventional bulk superconductor of
finite thickness. The equivalence between the solutions of the magnetic vector poten-
tial obtained via the Green’s function and the Hankel transform was verified. For axis-
asymmetric coils, such as spiral coils, a parameterized inductance model effective within a
certain range of penetration depths in the low-temperature region has been proposed. All
theoretical models derived in this thesis have been compared with the simulation results.

Experimental measurements of the London penetration depth were carried out at cryo-
genic temperatures using two fabricated planar spiral coils and two different niobium(Nb)
superconducting samples. The temperature dependence of the London penetration depth
for each sample was extracted from the measured resonant frequency shift. The result of
critical temperature and the London penetration depth of two Nb samples at 0K were
presented in this thesis.
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Chapter 1

Introduction

1.1 Superconducting Cavities

The phenomenon of superconductivity was first observed in 1911 by Heike Kamerlingh
Onnes in Leiden, shortly after his successful liquefaction of helium which enabled access
to temperature near absolute zero. In his experiment, he discovered that the electrical
resistance of solid mercury dropped abruptly to zero at at 4 K, which marked the beginning
of superconductivity research.

Despite the phenomena of perfect electrical conductivity, Superconductivity is distin-
guished by another remarkable phenomena: perfect diamagnetism. Perfect diamagnetism
of conventional superconducting material was discovered in 1933 by Meissner and Ochsen-
feld known as theMeissner effect, it refers to the complete expulsion of magnetic flux from
the interior of a superconductor (see Figure 1.1) when it transforms into superconduct-
ing state. The magnetic field is excluded from the interior of the material and decays
rapidly within a shallow surface layer, and the thickness of this layer is characterized by
the London Penetration Depth. The London penetration depth λ(T ) characterizes the
exponential decay of the magnetic field within a superconductor and reflects the electro-
magnetic response of the superconducting material.

The underlying mechanism of superconducting material remained a mystery for sev-
eral decades. It was not until the mid-20th century that significant theoretical progress
was made. During the 1950s and 1960s, a non-relativistic quantum field theory called
Bardeen-Cooper-Schrieffer (BCS) theory was established, which offers a microscopic ex-
planation for superconducting phenomenology. Specifically, BCS theory provides a micro-
scopic explanation for Messier Effect by describing the formation of bound electron pairs,
known as Cooper pairs. From BCS theory, one can derive the temperature dependence
of the superfluid density, which gives the temperature dependence prediction of London
penetration depth.

The development of next-generation accelerators, such as the International Linear
Collider (ILC), requires advanced acceleration technologies. As part of the ILC’s devel-
opment, beam acceleration tests have been successfully conducted at around 2 K under
pulsed high-gradient electric fields, which achieves the ILC’s target average accelerating
gradient of 32 MV/m, with beam energies reaching up to 280 MeV.

A critical component of ILC in achieving higher accelerating gradients and reduced
energy losses is the implementation of Superconducting Radio-Frequency (SRF) cavities
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Figure 1.1: Schematic illustration of the Meissner effect [1]. The magnetic field is expelled
from the interior of the superconductor, resulting in B = 0 inside. The penetration depth
λ characterizes the exponential decay of the magnetic field near the surface.
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(Figure 1.2). Among the various materials used for SRF technology, niobium (Nb) has
long been the standard material due to its high critical temperature and favorable me-
chanical properties. Bulk Nb cavities can operate efficiently at low temperatures and have
demonstrated reliable performance in many operational accelerators. For bulk Nb super-
conductor, the quality factor Q value or surface resistance depends on the mean free path
(mfp). Moreover, there exists an optimal value of the mfp. The mfp reaches its optimum
when it has a moderate length (approximately equal to the coherence length) [6] [7]. Since
the London penetration depth is a function of mfp, by measuring the London penetra-
tion depth, we can determine the mfp. This is one of the motivations for measuring the
London penetration depth of bulk Nb.

Figure 1.2: Photograph of a 1.3 GHz superconducting niobium nine-cell cavity used in
particle accelerators [3].

In the recent development of advanced SRF accelerators, the bulk Nb cavity has
reached its performance limit. Therefore, experts in SRF technology have proposed ap-
plying inner-surface coatings to surpass the capabilities of pure bulk Nb cavities [4]. With
such coatings, the critical field of the sample can be significantly increased. Figure 1.3
shows a comparison of the effective critical field Hc1 between a pure bulk Nb sample and
multilayer NbN/SiO2/Nb samples with different NbN layer thicknesses.

Figure 1.3: Comparison of effective critical field Hc1 between pure bulk Nb sample and
NbN/SiO2(30nm)/Nb multilayer samples [13].

The accelerating gradient of SRF cavities refers to the rate of the energy of the electron
and positron beams increased per unit length. It is typically measured in megavolts per
meter (MV/m). For the ILC design, the SRF niobium cavities are targeted to achieve an
accelerating gradient of around 31.5 MV/m [13]. The accelerating gradient is one of the
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most important parameters to evaluate the performance of accelerator, as a higher accel-
erating gradient allows achieving the desired collision energy with a shorter accelerator
length. Theoretically, the relation between the accelerating gradient and the critical field
is given by the following equation [9]:

µ0H0 = gEacc (1.1)

where g is a constants depends on the shape of cavities, and critical field Hc1 serves as the
upper limit of H0. From the above relation, we can determine the maximum achievable
accelerating gradient once we knew the value of the critical field Hc1.

In recent years, attention has also shifted toward niobium-tin (Nb3Sn) coating [2].
Nb3Sn is a conventional superconducting material that offers a higher critical temper-
ature and critical magnetic field compared to pure niobium. For Nb3Sn/Nb bilayer
samples(figure 1.4), the expected critical field Hc is around 60 MV/m. The theoretical
expression of critical field of such bilayer structure is given by the following equations [9]:

Hsh(d) = min

[
c1(d)H

(S)
sh , c2(d)H

(Σ)
sh

]
, (1.2)

c1(d) =
cosh

[
d/λ

(S)
0

]
+
[
λ
(Σ)
0 /λ

(S)
0

]
sinh

[
d/λ

(S)
0

]
sinh

[
d/λ

(S)
0

]
+
[
λ
(Σ)
0 /λ

(S)
0

]
cosh

[
d/λ

(S)
0

] , (1.3)

c2(d) = cosh
[
d/λ

(S)
0

]
+
[
λ
(Σ)
0 /λ

(S)
0

]
sinh

[
d/λ

(S)
0

]
. (1.4)

where the Hsh is the superheating field(Hsh ≈ Hc), λ
(S)
0 and λ

(Σ)
0 are the London pene-

tration depths of the superconductor and superconductor substrate in Figure 1.4, respec-
tively. From this equation, we can plot the maximum value of the magnetic field H0max

(Hsh) as the function of the coating thickness d (as shown in Figure 1.5).

Figure 1.4: A bilayer superconductor
without an insulator layer [8]. We de-
note the London penetration depths of
the superconductor and superconductor
substrate as λ

(S)
0 = λ1 and λ

(Σ)
0 = λ2.

Figure 1.5: Theoretical value of the mag-
netic field limit of an Nb3Sn/Nb bi-
layer structure as a function of coat-
ing thickness d, where it assumed λ1 =
120nm(Nb3Sn) and λ2 = 40nm(Nb) [8].

From Figure 1.5 we found that in a multilayer cavity, there exists an optimal coating
thickness d for the superconducting thin film at the surface [10] [11] [12]. In recent
years, experiments have been conducted to investigate the existence of an optimal coating
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thickness of such multilayer superconductors [13] [14]. This optimal thickness d depends
on the London penetration depth of the superconducting thin film used in the multilayer
structure. Once we knew the London penetration depth of these materials, we can plot the
maximum value ofH0 as a function of coating thickness d as shown in figure 1.5. Therefore,
to fabricate a multilayer cavity with the optimal coating thickness, it is necessary to know
the London penetration depth.

1.2 Inductance Technique

The inductance technique provides a method for measuring the London penetration
depth of superconductors with high resolution. In this study, we use a planar spiral coil
proposed by Dr. Iwashita and currently being tested in collaboration with Dr. Fuwa (see
Figure 1.7) since 2021. This type of coil is made of copper foil on a conventional PCB
substrate and is easier to manufacture than coils used in previous studies.

The coil is part of a resonant circuit, which is connected to a single port of Network
Analyzer (Figure.1.6). As the temperature of the superconducting sample changes, the
London penetration depth also varies, leading to a variation in the inductance of the spiral
coil. This change is observed as a shift in the resonant frequency of the circuit, which
can be detected by a network analyzer. By precisely monitoring these frequency shifts
and applying an inversion formula based on the solution of Maxwell’s equations, the value
of the London penetration depth at different temperatures can be extracted. The basic
derivation steps of the inversion formula can be understood in the following way:

1. Assuming that the current flows at the surface of the superconductor obeys London
equations. Solving Maxwell’s equations together with London equations to obtain
the value of magnetic vector potential A(λ) as a function of penetration depth λ
along the coil.

2. Calculate the line integral of magnetic vector potential along the coil to obtain the
inductance of the coil L(λ) as a function of penetration depth λ.

3. Using the formula of resonant frequency f(L) to obtain the relation between resonant
frequency and coil inductance at resonance. Since L(λ) is a function of London
penetration depth, f(λ) will be a function of London penetration depth as well.
Therefore we can know the value of London penetration depth by reading resonant
frequency from Network Analyzer.

The inductance technique is highly sensitive to small variations of London penetration
depth and is suitable for both bulk and thin-film superconducting samples. The simple
fabrication process of the spiral coil, combined with its appreciable sensitivity, makes it
a practical approach for measuring the London penetration depth of superconductors.

1.3 The content of this Thesis

The objective of this thesis is to measure the London penetration depth of the su-
perconducting sample. The method used in this thesis can be applied to measure any
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Figure 1.6: Schematic illustration of the measurement setup. A more detailed explanation
is described in the experimental section.

superconducting sample of finite thickness. Its application is not only limited to SRF
cavities, but also suitable for any research requiring knowledge of the London penetration
depth of superconducting materials.

One of the innovative points introduced in this paper is that the pancake coils with
a diameter of approximately 0.75 mm used in previous studies were too small to be
fabricated, so they were replaced with flat spiral coils with a diameter of approximately
2 mm (Figure. 1.7).

The objective of this research is to obtain the London penetration depth at 0 K of
the superconducting materials used in SRF cavities. This will provide reference values
of the London penetration depths for optimizing the performance of the multilayer SRF
cavities.

The content of this research is summarized in three main parts:

1. Theoretical Derivation

2. Numerical Calculation and Simulation

3. Experimental Measurement

For Part 1, an inversion formula for the spiral coil used in this experiment has been
proposed, which enables the transformation of raw frequency data into the temperature
dependence of London penetration depth.

For Part 2, an axis-symmetric approximation model of the spiral coil was simulated us-
ing Finite Element Method Magnetics (FEMM), while the full axis-asymmetric geometry
was modeled in COMSOL. To enhance the reliability of the theoretical formula derived
in this thesis, several comparisons were conducted between the simulation results and the
theoretical results.
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Figure 1.7: The picture of spiral coil used in this thesis. The design of the spiral coil is
by Yoshihisa Iwashita(Osaka University).

In Part 3, we simultaneously measured the London penetration depths of two different
Nb samples at extremely low temperatures. The network analyzer successfully detected
frequency shifts near the critical temperature. We analyzed these shifts using a reverse
method and estimated the London penetration depths at different temperatures.
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Chapter 2

International Linear Collider

2.1 Overall Design of ILC

The International Linear Collider is a proposed high-precision linear accelerator de-
signed to collide electrons and positrons at an initial energy of 250GeV, with future
energy scale up to 1TeV. Utilizing 1.3GHz SRF cavities, the ILC aims to achieve both
high luminosity and energy efficiency. With polarized beams and an anticipated inte-
grated luminosity of 400 fb−1 within its first four years, it is optimized for detailed studies
of the Higgs boson and physics beyond the Standard Model.

Figure 2.1: Design schematic of the International Linear Collider [20].

As shown in Figure 2.1, the ILC machine begins with prepared sources for both particle
types: the electron source generates polarized electrons directly, while the positron source
was generated by using a high-energy electron beam passing through a helical undulator
to produce photons, which then generate positrons upon striking a target. Both particle
species are first accelerated and injected into damping rings. After damping, the beams
are extracted and sent into two symmetric superconducting linear accelerators that stretch
over several kilometers (main linacs). Within these linacs, particles are accelerated using
1.3GHz SRF cavities to their final collision energies. Finally, the electron and positron
beams are precisely focused and brought into head-on collision at the central interaction
point, which creates high-luminosity events. These events will be captured by the ILC
detector and analyzed carefully to extract physical results such as Higgs boson couplings,
mass, and decay modes, as well as electroweak parameters like the weak mixing angle and
gauge boson self-interactions.

While the initial 250GeV stage of the ILC serves as a Higgs factory with exceptional
precision, increasing the collision energy opens access to a broader range of physics search
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opportunities. At
√
s = 350GeV, the ILC can precisely measure the top quark mass and

its electroweak couplings. Further extending the energy to 500GeV enables ILC to direct
detect the top Yukawa coupling and the Higgs boson self-coupling, both of which are inac-
cessible for current particle physics experiments. In addition to precision measurements,
higher energies enhance the discovery potential for new particles predicted by theories be-
yond the Standard Model, such as supersymmetry or composite Higgs scenarios [18]. The
clean background and high energy of the ILC make it uniquely suited for systematically
exploring particle interactions that may remain inaccessible to hadron colliders [16].

2.2 Physics of ILC

2.2.1 Electroweak Symmetry Breaking

In the Standard Model, masses for both gauge bosons and fermions arise through
spontaneous symmetry breaking (SSB), which is achieved by introducing a complex scalar
doublet known as the Higgs doublet into the Lagrangian. When the Higgs doublet acquires
a nonzero vacuum expectation value (VEV), the electroweak symmetry SU(2)L × U(1)Y
is spontaneously broken down to the electromagnetic symmetry U(1)EM. As a result, the
W± and Z bosons acquire masses proportional to the VEV, while the photon remains
massless. This phenomena is well described by a theory called Glashow-Weinberg-Salam
(GWS) Theory. The Lagrangian of a complex scalar field coupled both to itself and to a
non-abelian gauge field is written as:

L = (Dµϕ)
†(Dµϕ)− V (ϕ)− 1

4
F a
µνF

aµν (2.1)

where Dµ is the covariant derivative in non-abelian gauge theory, F a
µν is the field strength

tensor, and V (ϕ) is the scalar potential. V (ϕ) describes the self-interaction of the scalar
field, and more importantly, it determines whether spontaneous symmetry breaking (SSB)
occurs. If V (ϕ) has the minimal energy at nonzero |ϕ| point, the corresponding gauge
symmetry will be spontaneously broken. Particularly, we can remove one physical degree
by making the scalar potential a Mexican hat shape, where the removal of this degree of
freedom is often described as the Goldstone boson being eaten by gauge field.

The mass of gauge bosons is generated from the covariant derivative term of equation
(2.1). To demonstrate this, we first write down the covariant derivative when the scalar
field is coupled with a SU(2) gauge boson Aµ and an U(1) gauge boson:

Dµ = ∂µ − igτaAaµ − i
g′

2
Bµ (2.2)

where τa is the generator of SU(2) group, and the index a runs from 1 to 3. Since the
generators of SU(2) and U(1) act on different internal spaces, they commute with each
other. Therefore, their coupling constants g and g′ can be defined independently here.
By using the above covariant derivative, we can derive the mass terms for gauge bosons
by calculating the first term in equation (2.1):

(Dµϕ)
†(Dµϕ) ∋ 1

2
(0 v)

(
gτaAaµ +

g′

2
Bµ

)(
gτ bAbµ +

g′

2
Bµ

)(
0
v

)
(2.3)
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Figure 2.2: Mexican hat potential [21]. The mass squared of the particle is determined
by the second derivative of the potential. At the origin, both the real and imaginary
components of the scalar field correspond to tachyonic modes, as the second derivative
is negative. At the minimum of the potential, the radial component corresponds to a
massive scalar particle (dashed line), while the angular (or polar) component represents
a massless scalar particle (solid line).

The complex scalar field in equation (2.3) has a nonzero vacuum expectation value v√
2
,

which will cause the square terms of gauge field to appear in the Lagrangian. We can
calculate equation (2.3) explicitly by replacing the SU(2) generators by Pauli matrix(τa =
σa

2
):

(Dµϕ)
†(Dµϕ) ∋ 1

2

v2

4

[
g2(A1

µ)
2 + g2(A2

µ)
2 + (−gA3

µ + g′Bµ)
2
]

(2.4)

Therefore, we observed three massive gauge bosons, and their mass squared values can be
identified by the coefficients in front each terms. However, before the symmetry breaking,
we have four degrees of freedom, where three comes from SU(2) group and one comes
from U(1) group. The degree of freedom must not change before and after symmetry
breaking, which means there must be a massless gauge boson exist. The expression of the
massless gauge boson must be orthogonal to all the gauge boson fields in equation (2.4).
This is because all three gauge boson fields in equation (2.4) are mass eigenstates, and
therefore the fourth one must be orthogonal to all of them.

Gauge Boson Field Combination Mass

W+
µ , W

−
µ

1√
2
(A1

µ ∓ iA2
µ) mW = 1

2
gv

Z0
µ

gA3
µ−g′Bµ√
g2+g′2

mZ = 1
2
v
√
g2 + g′2

Photon γ
g′A3

µ+gBµ√
g2+g′2

0

Table 2.1: Gauge bosons after electroweak symmetry breaking and their masses

The covariant derivative acts on fermion fields can be defined by using the mass
eigenstates of gauge boson fields [22]. With the definition of weak mixing angle θw, the
covariant derivative is simplified as:
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Dµ = ∂µ − i
g√
2

(
W+
µ T

+ +W−
µ T

−)− i
g

cos θw
Zµ
(
T 3 − sin2 θwQ

)
− ieAµQ (2.5)

cos θw =
g√

g2 + g′2
, sin θw =

g′√
g2 + g′2

. (2.6)

where T± = 1
2
(σ1 ± iσ2) = σ± in the spinor representation of SU(2), and T 3 = σ3

accordingly. Q = T 3 + Y is recognized as the electric charge, where Y is the U(1) charge.
With a specific chosen representation, we can calculate the U(1) charged coupled with
different fermion fields by using the condition that Q must equal to -1 to produce the
correct charge for electrons. Another very important observation in Standard Model
Lagrangian is that the kinetic energy part of fermion fields can be decoupled as left-hand
and right-hand part. This means we can write down the kinetic part of left-hand and
right-hand fermions separately, and assign different gauge representation for them. Due
to the experimental fact that only left-hand fermions couple to the W bosons, we assign
the doublets of SU(2) to left-hand fermions while we assign the singlet of SU(2) to right-
hand fermions. The results of all the U(1) charges coupled with different fermion fields
are given in table 2.2.

Table 2.2: U(1) charge (Y ) assignments for Standard Model fermions.

Fermion Type Field Q Y

Lepton doublet

(
νL

eL

) (
0

−1

)
−1

2

Quark doublet

(
uL

dL

) (
2
3

−1
3

)
1
6

Right-handed electron eR −1 −1

Right-handed up quark uR
2
3

2
3

Right-handed down quark dR −1
3

−1
3

While the interaction between fermions and weak bosons arise from kinetic term of
fermion fields, the mass of fermions arise from Yukawa Coupling terms. Yukawa coupling
can be constructed from a gauge invariant coupling between fermions and scalar fields:

L ∋ −λeEL · ϕ eR − λdQL · ϕ dR − λuϵ
abQLa · ϕ+

b uR + h.c. (2.7)

where EL and ϕ are SU(2) doublets, and they are contracted to form a gauge-invariant
term. The introduction of the Higgs doublet is essential, because in the GWS theory,
left-handed fermions transform as SU(2) doublets while right-handed fermions are SU(2)
singlets. Without the introduction of this Higgs doublet, the Dirac mass terms are not
Lorentz invariant. Furthermore, if the scalar field acquires a non-zero vacuum expectation
value, we can replace the scalar field by its vacuum expectation value in equation (2.7):
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L ∋ − 1√
2
λev ēLeR − 1√

2
λdv d̄LdR − 1√

2
λuv ūLuR + h.c. + · · · (2.8)

From the above Yukawa coupling terms, the masses of the fermions are identified as:
me =

λev√
2
, md =

λdv√
2
, mu =

λuv√
2
. Where λi is called Yukawa Coupling constants. Then,

the implementation of the other generations of quarks and leptons is straightforward.

2.2.2 Higgs Boson and Top Quark

The GWS theory shows the importance of the implementation of Higgs doublet into
the theory of elementary particles, where we assumed that this complex scalar field has a
non-zero vacuum expectation value. We can future explore this theory by assuming the
vacuum fluctuation scenario. We can chose a specific gauge to the complex scalar field
has the form:

ϕ(x) =
1√
2

(
0

v + h(x)

)
(2.9)

This gauge is called the unitarity gauge, in which h(x) represents the Higgs field
that characterizes vacuum fluctuations around the minimal points of scalar potential.
Specifically, the Lagrangian and scalar potential take the following form:

L = (Dµϕ)
†(Dµϕ) + µ2ϕ†ϕ− λ2(ϕ†ϕ)2 (2.10)

The scalar potential appears in the above Lagrangian has the Mexican hat distribution
shows in Figure 2.2, where the minimal value appears at v = (µ

2

λ
)
1
2 . At the unitary gauge,

the potential takes the form as equation (2.9) shows. Plug this expression of the scalar
field into the Lagrangian we have:

L = (Dµϕ)
†(Dµϕ)− µ2h2 − λvh3 − 1

4
λh4 (2.11)

where the mass of the Higgs boson can be identified as mh =
√
2µ. The Higgs field

interactions in the above Lagrangian consist of a two-point interaction, a three-point
interaction, and a four-point interaction. The mass of the Higgs boson is determined
by µ. The gauge boson will obtain mass from the kinetic term as demonstrated in the
previous section. Put them together, we obtained all the interactions in unitarity gauge:

L =
1

2
(∂µh)

2 +

[
m2
WW

µ+W−
µ +

1

2
m2
ZZ

µZµ

](
1 +

h

v

)2

− 1

2
m2
hh

2 −
√
λ

2
mhh

3 − 1

4
λh4 −mfff̄(1 +

h

v
) (2.12)

where we have used mass eigenstates of gauge bosons to rewrite the kinetic terms. The
final term denotes the Yukawa interaction responsible for generating fermion masses.
The interaction terms in the above Lagrangian give rise to several fundamental Feynman
vertices involving the Higgs boson. These include its couplings to the massive gauge
bosons W± and Z, to fermion and anti-fermion pairs via Yukawa interactions, and to
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itself through cubic and quartic self-interactions. The corresponding Feynman diagrams
up to three-point interactions are illustrated below.

W+
µ

W−
ν

=
2im2

W

v
gµν

Z0
µ

Z0
ν

=
2im2

Z

v
gµν

=
−imf

v =
−3im2

h

v

The masses of the W and Z bosons can be directly measured from experiments. The
coupling g is given by the Fermi constant GF as g2 = 8m2

WGF/
√
2. From this, the Higgs

vacuum expectation value is calculated as v =
(√

2GF

)−1/2 ≈ 246GeV. This is one of the
reasons why the ILC was initially proposed as a future electron-positron collider operating
at a center-of-mass energy of 250 GeV, which corresponds to the energy of the vacuum
expectation value of the Higgs doublet.

Operating the ILC at energies above 250GeV enables access to other significant Stan-
dard Model (SM) processes. Among the various Higgs boson couplings, two are inac-
cessible at 250GeV energy scale: the top quark Yukawa coupling and the Higgs boson
self-coupling. The top quark Yukawa coupling is of particular interest because the top
quark is the heaviest particle in the Standard Model (SM), and its mass is directly pro-
portional to this coupling constant. Within the SM framework, a large top quark mass
implies a correspondingly large Yukawa coupling. If new physics is responsible for enhanc-
ing the top quark mass, deviations from the SM prediction may appear as corrections to
the Yukawa coupling constant of the top quark. Therefore, precise measurements of the
Yukawa coupling constant of the top quark serve as a sensitive probe of potential new
physics beyond the Standard Model.

Moreover, the top quark’s spin, weak interaction properties, and decay into polarized
particles via t → bW provide many independent observables in tt̄ production. An e+e−

collider with beam polarization and sufficient energy, such as the ILC operating above the
tt̄ threshold at 500GeV, can fully exploit these features. This makes top quark physics a
sensitive probe for deviations from SM predictions and a powerful tool in the search for
new physics.
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Chapter 3

Theory of Superconductivity

3.1 London Theory

The London theory is a phenomenological framework introduced by Fritz and Heinz
London in 1935 to explain key electromagnetic properties of superconductors. It provides
a simplified yet remarkably successful description of two fundamental features of super-
conductivity : Zero Electrical Resistance and Expulsion of Magnetic Field. It is based on
a two-fluid picture, in which electrons coexist in both normal and superfluid states. The
electrons in the normal state are described by Ohm’s law:

jn = σnE (3.1)

where σn represents the electrical conductivity of the normal component of the electron,
defined by Drude conductivity. On the other hand, the electrons in the superfluid state
are described by the super current and Newton’s equation of motion :

js = −ensvs,
dvs
dt

=
F

m
= −eE

m
(3.2)

where ns is the number density of superfluid electrons, and vs is the velocity of it. By
differentiate both side on the equation of super current, we have:

∂js
∂t

=
e2ns
m

E (3.3)

Which is the First London Equation. The second equation can be derived by taking the
curl of the above equation, which gives :

∂

∂t
∇× js =

e2ns
m

∇× E = −e
2ns
mc

∂B

∂t
(3.4)

where we used Faraday’s Law in the second step. Then integrate both side of the above
equation with respect to time, we have :

∇× js = −e
2ns
mc

B (3.5)

This is the Second London Equation. Note that when integrating with respect to time,
the indefinite integral includes an integration constant, which must be determined by the
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initial conditions. If we assume that both the magnetic field and the current are initially
zero inside the superconductor, then this constant will be zero. However, to account
for the observed Meissner effect that superconductors expel magnetic fields regardless of
their previous magnetic history, London theory made a bold postulate that the integration
constant always satisfy C = 0 even if the magnetic field was present before the material
entered the superconducting state. This assumption leads directly to the Second London
Equation:

∇× js = −e
2ns
mc

B, (3.6)

Taking the curl of the Ampere’s law we find :

∇×∇×B = −4πe2ns
mc2

B+
4π

c
σn∇× E = −4πe2ns

mc2
B (3.7)

where the total current is the sum of super-current and normal current, and the curl of
super-current has been replace by the Second London Equation. Also, the magnetic field
is assumed to be stationary here so the time derivative of B is ignored. The curl of the
curl of the magnetic field B simplifies to the Laplacian of B, since ∇ · B = 0. Then
equation(3.7) will reduce to a Helmholtz-type equation for the magnetic field B:

∇2B =
1

λ2L
B (3.8)

where λL is the London Penetration Depth defined as:

λL :=

√
mc2

4πe2ns
(3.9)

The solution of equation (3.8) will be characterized by an exponential decay factor
e−x/λL , where x axis is perpendicular to the surface of a superconductor. The magnetic
field decays exponentially as x increase. Therefore, the magnetic field is indeed zero
inside the superconductor, and we reproduced Messiner effect by using London equations.
Typically, λL for conventional superconductors ranges from about 30 nm (for pure Nb)
to 100 nm (for Nb3Sn), while for high Tc superconductors it can reach several hundred
nanometers.

London equations appear simple and effectively describe the fundamental phenomena
of superconductivity. However, one important restriction should be noted: in the deriva-
tion of the London equations, it is assumed that both nn and ns are independent of space
and time, which means their distributions are uniform and stationary. This is a signifi-
cant restriction, which will be addressed by the Ginzburg–Landau theory introduced in
the next section.

3.2 Ginzburg Landau Theory

The Ginzburg–Landau theory is the generalization of London theory. Unlike the Lon-
don theory, which assumes a constant superfluid density, Ginzburg–Landau theory allows
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for spatial variations. To be able to describe the spatially non-uniform distribution,
Ginzburg and Landau included the gradient of ψ into the expression of free energy:

F [ψ] =

∫
d3r

[
α|ψ|2 + β

2
|ψ|4 + γ (∇ψ)∗ · ∇ψ

]
(3.10)

where ψ is a one-particle wave function, and |ψ|2 is interpreted as the local number density
of superfluid particles at position r⃗. More importantly, |ψ| is called order parameter, and
the free energy F [ψ] is a functional of |ψ|. The order parameter is a thermodynamic
quantity that characterizes a phase transition. It is zero in the symmetric phase before
the transition and non-zero in the broken-symmetry phase after the transition.

Like we minimize the action to derive Euler-Lagrangian equation, we can derive a
differential equation for ψ by minimizes the functional F [ψ]. We start by varying ψ by
ψ(r) = ψ0(r) + δψ, then the change of F [ψ] due to the variation of ψ(r) is given by:

F [ψ0 + δψ] = F [ψ0]

+

∫
d3r [αψ∗

0δψ + αδψ∗ψ0 + βψ∗
0ψ

∗
0ψ0δψ + βψ0ψ0ψ

∗
0δψ

∗

+
ℏ2

2m∗ (∇ψ0)
∗ · ∇δψ +

ℏ2

2m∗ (∇δψ)
∗ · ∇ψ0

]
+O(δψ, δψ∗)2

= F [ψ0] +

∫
d3r [αψ∗

0δψ + αδψ∗ψ0 + βψ∗
0ψ

∗
0ψ0δψ + βψ0ψ0ψ

∗
0δψ

∗

− ℏ2

2m∗ (∇
2ψ0)

∗δψ − ℏ2

2m∗ δψ
∗∇2ψ0

]
+O(δψ, δψ∗)2 (3.11)

where we have used γ = ℏ2
2m∗ , and m∗ is the effective mass of the particles forming the

condensate. The second line is obtained by integrating the first line by parts. Since δψ is
arbitrary, the coefficients in front of δψ and δψ∗ must vanish. This leads to the following
equation:

− ℏ2

2m∗∇
2ψ + αψ + β|ψ|2ψ = 0 (3.12)

This is called Gross-Pitaevskii equation (GPE). GPE is a nonlinear Schrödinger-type
equation that describes the ground state of a quantum system of identical bosons. It is
formally analogous to the time-independent Ginzburg Landau equation, but it arises in
the context of interacting superfluids rather than superconductivity. To describe super-
conductors, it is necessary to account for the electric charge of the particles that form the
condensate. Although this charge is typically equal to the electron charge, we allow for
the more general case in which the charge is not the electron charge. As a consequence,
two modifications must be introduced into the Landau free energy functional F [ψ]. The
first is that the canonical momentum operator must be replaced by ℏ

i
∇ → ℏ

i
∇ − q

c
A.

In other words, the gradient operator is modified to include the electromagnetic vector
potential. The second is that the energy density of the magnetic field, B2/8π, has to be
considered when we solving any electric magnetic problem. After some manipulations,
the Landau free energy functional F [ψ] takes the form:

F [ψ,A] ≃
∫
d3r

[
α|ψ|2 + β

2
|ψ|4 + 1

2m∗ψ
∗
(
ℏ
i
∇− q

c
A

)2

ψ +
B2

8π

]
(3.13)

23



Note that the free energy functional F [ψ] now depends on both ψ(r) and A(r), which
means that there are two fields over which the functional must be varied. When performing
the variation with respect to one field, the other must be held fixed to ensure that the
resulting change in F [ψ] is only due to the variation of that specific field. By independently
varying ψ(r) and A(r), we obtain two coupled differential equations [23].

1

2m∗

(
ℏ
i
∇− q

c
A

)2

ψ + αψ + β|ψ|2ψ = 0, (3.14)

j = i
qℏ
2m∗ ((∇ψ

∗)ψ − ψ∗∇ψ)− q2

m∗c
|ψ|2A. (3.15)

Equations (3.14) and (3.15) are called the Ginzburg-Landau equations. In the limit that
ψ(r) is uniform distributed in space, we have ∇ψ∗ = ∇ψ = 0. Then equation (3.15)
reduces to:

j = − q2

m∗c
|ψ|2A. (3.16)

This equation should reproduce London equation, therefore we have the normalization

condition for ψ(r): q2|ψ|2
m∗ = e2ns

m
. Take the convention based on flux quantization experi-

ments that m∗ = 2me,, and q = −2e, we can now write the penetration depth as:

λ =

√
mc2

4πe2ns
=

√
mc2

8πe2|ψ|2
≃
√

mc2

8πe2(−α
β
)

(3.17)

The Ginzburg Landau theory provides a phenomenological framework for describing
superconductivity using a complex order parameter field coupled to the electromagnetic
field. It captures key features of superconductors such as critical temperature and London
penetration depth. Importantly, the London theory is recognized as a special case of the
Ginzburg Landau theory in the limit where the order parameter is spatially uniform. In
this regime, the Ginzburg Landau equations reduce to the London equations, which shows
the consistency between the two theories.

While the Ginzburg–Landau (GL) theory provides a result of London penetration
depth of superconductors (Equation 3.17), it still has limitations. It is a phenomenologi-
cal model, which means it does not explain the London penetration depth from a micro-
scopic perspective. To address this shortcoming, the Bardeen–Cooper–Schrieffer (BCS)
theory was proposed to calculate parameters α and β in equation (3.17) in a microscopic
approach.

3.3 BCS Theory

The Bardeen-Cooper-Schrieffer(BCS) theory is a non-relativistic quantum field theory
which explains conventional superconductivity as a phenomenon arising from the forma-
tion of Cooper pairs of electrons [24]. It is also a mean-field theory that approximates
the complex many-body electron interaction system with an effective average field. To
derive the Hamiltonian of BCS theory, we start by replacing the self-interaction energy
term of a many-particles Coulomb interaction system with a contact interaction modeled
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by a delta function: e2

|x⃗−y⃗| → −g δ3(x⃗− y⃗). After integrating over y⃗, we obtain the following
form of the Hamiltonian for the interacting many-particle system:

H =

∫
d3x⃗

{∑
σ=↑↓

ψ∗
σ(x⃗)

(
− D⃗2

2m

)
ψσ(x⃗)− g ψ∗

↑(x⃗)ψ
∗
↓(x⃗)ψ↓(x⃗)ψ↑(x⃗)

}
(3.18)

where D⃗ = ∇⃗ − ieA⃗(x⃗), and A⃗(x⃗) is an external vector potential field. The summation
is over all possible spin states of the electrons. The order parameter is defined as the
expectation value of fermion pair annihilation operators:

φ(x⃗) ≡ ⟨ψ̂↑(x⃗)ψ̂↓(x⃗)⟩ =
Tr
[
ψ̂↑(x⃗)ψ̂↓(x⃗)e

−β(Ĥ−µN̂)
]

Tr
[
e−β(Ĥ−µN̂)

] (3.19)

The gauge transformation takes as: ψ(x⃗) → eiθ(x⃗)ψ(x⃗), and φ(x⃗) → e2iθ(x⃗) φ(x⃗), which
corresponds to a local phase rotation. The above Hamiltonian is gauge invariant if the
vector potential transform as: A⃗(x⃗) → A⃗(x⃗)+ 1

e
∇θ(x⃗). In the case of the Higgs mechanics,

when the SU(2)L × U(1)Y gauge symmetry is spontaneously broken, the Higgs doublet
acquires a non-zero vacuum expectation value. Similarly, below the critical temperature,
the order parameter in a superconductor acquires a non-zero vacuum expectation value,
leading to the spontaneous breaking of the U(1) gauge symmetry.

To recast the four-fermion interaction (quartic term) into a bilinear form, we introduce
an auxiliary field defined by ϕ = gψ↓(x⃗)ψ↑(x⃗). With the auxiliary field, we can rewrite
the Hamiltonian as:

H =

∫
d3x⃗

{∑
σ=↑↓

ψ∗
σ(x⃗)

(
− D⃗2

2m

)
ψσ(x⃗)

− ϕ∗(x⃗)ψ↓(x⃗)ψ↑(x⃗)− ϕ(x⃗)ψ∗
↑(x⃗)ψ

∗
↓(x⃗) +

1

g
|ϕ(x⃗)|2

}
(3.20)

The variation of the Hamiltonian in equation (3.20) with respect to ϕ and ϕ∗ gives:

∂H

∂ϕ
= −ψ∗

↑(x⃗)ψ
∗
↓(x⃗) +

1

g
ϕ∗(x⃗) = 0 (3.21)

∂H

∂ϕ∗ = −ψ↓(x⃗)ψ↑(x⃗) +
1

g
ϕ(x⃗) = 0 (3.22)

These equations show that Hamiltonian in equation (3.20) is equivalent to the original
quartic interaction Hamiltonian. To quantize the Hamiltonian, we apply the standard
second quantization: ψσ → ψ̂σ, ψ∗

σ → ψ̂†
σ, ϕ → ϕ̂, ϕ∗ → ϕ̂†. Moreover, if A⃗(x⃗) = 0⃗,

we can use mean field theory: ϕ̂(x⃗) → φ ≡ ⟨ϕ̂(x⃗)⟩, which replaces the expectation value
of auxiliary field with the order parameter. After applying the mean field approximation,
the effective Hamiltonian can be expressed as:

Heff ≃
∫
d3x⃗

{∑
σ

ψ̂†
σ

(
−∇⃗2

2m
− µ

)
ψ̂σ − φ∗ψ̂↓ψ̂↑ − φψ̂†

↑ψ̂
†
↓ +

1

g
|φ|2

}
(3.23)
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The Fourier expansion of the field operator takes the form:

ψ̂σ(x⃗) =

∫
d3k⃗

(2π)3
eik⃗·x⃗ ĉ(k⃗, σ) (3.24)

where ĉ is the momentum-space annihilation operator, and ĉ† is the corresponding creation
operator. Substituting this expression into the Hamiltonian and integrating over x⃗, we
obtain the following result:

Ĥeff ≃
∫

d3k⃗

(2π)3

{∑
σ

ξk⃗ ĉ
†(k⃗, σ)ĉ(k⃗, σ)− φ∗ ĉ(−k⃗, ↓)ĉ(k⃗, ↑)− φ ĉ†(k⃗, ↑)ĉ†(−k⃗, ↓)

}
(3.25)

Here we defined: ξk⃗ = k⃗2

2m
− µ =

k⃗2−k2F
2m

, where kF is the fermi momentum. The effective
Hamiltonian can be expressed in a diagonal form in terms of â and â† by applying the
Bogoliubov transformations:{

ĉ†(k⃗, ↑) = Uk⃗â
†
0(k⃗) + V∗

k⃗
â1(k⃗)

ĉ(−k⃗, ↓) = −Vk⃗â
†
0(k⃗) + U∗

k⃗
â1(k⃗){

ĉ(k⃗, ↑) = U∗
k⃗
â0(k⃗) + Vk⃗â

†
1(k⃗)

ĉ†(−k⃗, ↓) = −V∗
k⃗
â0(k⃗) + Uk⃗â

†
1(k⃗)

where the Bogoliubov coefficients have the diagonalization conditions: 2 ξk⃗ Uk⃗Vk⃗−φU2
k⃗
+

φ∗ V2
k⃗
= 0, 2 ξk⃗ U∗

k⃗
V∗
k⃗
− φ∗ (Uk⃗)2 + φ (Vk⃗)2 = 0. The diagonalized Hamiltonian takes the

simple form:

Ĥeff ≃
∫

d3k⃗

(2π)3
Ek⃗

(
â†0â0 + â†1â1

)
(3.26)

Going to momentum space and using the Bogoliubov transformation, the order pa-
rameter becomes:

φ = g

∫
d3k⃗

(2π)3

〈
ĉ−k⃗,↓ĉk⃗,↑

〉
= g

∫
d3k⃗

(2π)3
Uk⃗Vk⃗

(
1− 2f(Ek⃗)

)
(3.27)

where f(Ek⃗) is the fermi distribution and the Bogoliubov coefficients U and V can be
solved from the diagonalization conditions. If the U(1) symmetry is spontaneously broken,
the order parameter will acquire an non-zero vacuum expectation value, which gives us
the gap equation:

2

gV0
=

∫
d3k⃗

(2π)3
1

Ek⃗
tanh

(
βEk⃗
2

)
(3.28)

where V0 is the total volume of the system and Ek⃗ =
√
ξ 2
k⃗
+∆(T )2. ∆(T ) is the energy

gap, and ξk⃗ is the single-particle energy relative to the Fermi energy level, defined as ξk⃗ =
ϵk⃗ − µ. In the case of weak-coupling BCS theory, the integral region of equation(3.28) is
taking to be the vicinity of fermi surface. This is because only those electrons with the
energy around fermi surface can form cooper pairs. Thus the integral is simplified by:∫

d3k⃗

(2π)3
≃
∫ kF+ϵ

kF−ϵ

d|⃗k|
(2π)3

× 4πk2F ≡
∫ ωc

−ωc

dξk⃗D(EF ) (3.29)
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where |⃗k| ≃ kF , ξk⃗ = k⃗2

2m
, and ωc is the energy cut-off. Performing the integral, we can

derive the following equation:

kBTc ≃
2eγE

π
ωc exp

(
− 1

gV0D(EF )

)
≃ 1.13ωc exp

(
− 1

gV0D(EF )

)
(3.30)

where γE is the Euler constant. From the above equation, we can determine the expres-
sion for the critical temperature of the superconductor. Furthermore, the temperature
dependence of the London penetration depth can be determined from the following equa-
tion:

1−
[
λ(0)

λ(T )

]2
= − 2

3ρ

∫
k2
∂f(Ek⃗)

∂Ek⃗

d3k

(2π)3
(3.31)

This equation can be obtained by using a semiclassical approach [25]. Inside this equation,
Ek⃗ has the same definition with equation (3.28), and ∆(T ) is determined from equation
(3.28). f(Ek⃗) is the Fermi-Dirac distribution function. In the low temperature limit, the
solution of equation (3.31) is indistinguishable with the following expression [40]:

λ(T ) =
λ(0)√
1− T 4

, (3.32)

This equation is well known as the empirical formula for London penetration depth tem-
perature dependence. In this thesis, we want to determine the London penetration depth
at 0 K, and equation (3.32) is very accurate when the temperature is close to 0 K. There-
fore, instead of using a more complicated solution of equation (3.31), this thesis used
equation (3.32) to fit the experimental data in Chapter 8.
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Chapter 4

Mathematical Preliminaries

In this chapter, we review some basic mathematical tools used in this research.

1. Section 1 reviews the procedure for obtaining the magnetic vector potential using
the Green’s function method.

2. Section 2 reviews the integral representation of the Legendre function used in this
research.

3. Section 3 reviews the integral representation of the Bessel function used in this
research.

4. Section 4 summarizes the basic concept of the Hankel transformation, along with a
useful identity applied in this research.

In this research, the integral representations reviewed in this chapter are used to
convert the magnetic vector potential obtained by the Green’s function method into that
obtained by the Hankel transformation, which demonstrates the consistency between the
two different approaches and enhances the reliability of the solutions obtained from both.

4.1 Green’s Function Solution to Maxwell’s Equa-

tions

Maxwell’s equations describe the fundamental laws governing electric and magnetic
fields. They consist of a set of four partial differential equations, which form the theoretical
foundation of classical electrodynamics, optics, and electromagnetic wave theory. With
the potential theory formalism [26], Maxwell’s equations can be written in a very neat form
in different gauge choices. In this research, we use the Maxwell’s equations in Coulomb
gauge (divA⃗=0):

∇2A⃗ = −µ0J⃗ (4.1)

where J⃗ is an arbitrary current density. In an inductance experiment, we consider the
configuration that the coil was placed below the sample by a distance h. By separating
the coil current density from the sample explicitly, we have:
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J⃗ = J⃗coil + J⃗sample (4.2)

If we assume the supercurrent density obeys Ohm’s law, then J⃗sample can be written
as:

J⃗sample = iωσA⃗ω (4.3)

where σ = 1
ωµ0λ2

is the imaginary part of the complex conductivity in London regime [17].

Equation (4.3) is nothing but the combination of two London equations. So this
assumption is highly reasonable when the sample is at Meissner state. We can solve
equation (4.1) by using the Green’s function:(

∇2 + k2
)
G(r⃗, r⃗′) = −δ3(r⃗ − r⃗′) (4.4)

k2 ≡ iµ0ωσω (4.5)

Equation (4.4) can be solved by using the Fourier transform of Green’s function(equation
(4.6)), the solution was given by equation (4.7) and equation (4.8) respectively:

G(r⃗, r⃗′) =
1

(2π)3/2

∫
g(s⃗)eis⃗·(r⃗−r⃗

′) d3s (4.6)

g(s⃗) =
−1

(2π)3/2
1

s2 − k2
(4.7)

G(r⃗, r⃗′) =
−1

4π

e−ik|r⃗−r⃗
′|

|r⃗ − r⃗′|
(4.8)

where equation (4.8) can be derived by using Residue theory. The pole can be chosen as
s = ±iϵ, and ϵ is an infinitesimal parameter. When performing the residue calculation to
derive G(r⃗, r⃗′), we always choose the contour such that the analytic part of the integrand
vanishes at infinity. This indicates that the solution obtained by this method is only
applicable to cases where the vector potential vanishes at infinity. Using this Green’s
function, the vector potential can be calculated as

A⃗(r⃗) =
µ0

4π

∫∫∫
e−ik|r⃗−r⃗

′|

|r⃗ − r⃗′|
J⃗coil(r⃗

′) d3r′ (4.9)

Equation (4.9) is a very general expression in the sense that it only requires the current

density J⃗coil. It is not limited to axial symmetric configurations and can therefore also be
applied to solve non-axial symmetric problems. In the region that the coil is present and
the sample is not, the solution is given by:

A⃗(r⃗) =
µ0

4π

∫∫∫
1

|r⃗ − r⃗′|
J⃗coil(r⃗

′) d3r′ (4.10)

Equation (4.10) can be used to calculate the inhomogeneous solution of Maxwell’s
equations under the assumption that the magnetic vector potential vanishes at infinity.
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4.2 Integral Representation of the Legendre Func-

tion

In this section, we will review the integral representation of Bessel function used in
this research and some related mathematics of it.

With the Green’s function introduced in the previous section, we derive the solution
to Maxwell’s equations under the boundary condition that the magnetic vector potential
vanishes at infinity. In this study, we use a specific integral representation of the Legendre
function of the second kind to demonstrate the equivalence between the solution obtained
via the Green’s function and that derived from the Hankel transformation.

By using formulas (9.33) and (9.34) from Appendix, we can write the Legendre Func-
tion of the first kind in an alternative form. This form turns out to be particularly useful
for obtaining the integral representation of Legendre function of the second kind. Once
we determine the expression of Legendre function of the first kind, we can use equation
(9.34) to construct another linear independent solution of Legendre equation. The two
linear independent solutions of Legendre equation with hypergeometric function can be
expressed in the following way:

Pn(t) = tnF

(
−n
2
,
1− n

2
; 1; 1− 1

t2

)
(4.11)

Qn(t) =

√
π

(2t)n+1

Γ(n+ 1)

Γ(n+ 3/2)
F

(
1 +

n

2
,
1 + n

2
;n+

3

2
;
1

t2

)
(4.12)

where the Gama function together with the 2−n−1 factor in Qn(t) are normalization fac-
tors. Under this normalization, it can give us a simple result of integral representation.

Qn(z) =
1

2n+1

∫ 1

−1

(1− t2)n

(z − t)ν+1
dt (4.13)

The explicit derivation of the above expression can be found in the Appendix. We could
extend this integral to the complex plane and allow n takes non-integer values. If n is
not an integer, i.e., n = ν, the term (1− t2)n introduces a branch cut between the branch
points t = ±1. The contour in the complex plane can be chosen such that the integral
vanishes beside the path from −1 to 1. One of the choice is shown in Figure 4.1. Along
this contour, the integrand on the path above the branch cut and the path below it will
differ by a factor of e2πi, since the integration passes through the branch cut. The two
small circles around the branch points will not contribute. The pole at t = z lies outside
the contour, since the Hypergeometric function is defined under the condition

∣∣ 1
z2

∣∣ < 1.
Note that the contour below the branch cut introduces a minus sign in the integrand to
match the sign of the original integral. The final expression of the integral representation
of Legendre function of the second kind in complex plane can be expressed as:

Qν(z) =
2−ν

4i sin νπ

∮
C

(t2 − 1)ν

(t− z)ν+1
, dt (4.14)

Amazingly, it has the same form with the Schlaefli integral for the Legendre function
of the first kind, which is given by the following equation(derivation can be found in the
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Figure 4.1: Contour for Schlaefli integral in the complex t-plane.

Appendix):

Pv(x) =
2−v

2πi

∮
C

(t2 − 1)v

(t− x)v+1
dt (4.15)

Equation (4.14) has many applications in solving practical problem. But in this re-
search we will use an alternative expression of equation (4.14):

Qv(z) =
1√
2

{∫ π

0

dt
t cos

(
v + 1

2

)
(z − cos t)1/2

− cos vπ

∫ ∞

0

dt
e−(v+ 1

2
)t

(z + cosh t)1/2

}
(4.16)

Equation (4.16) can be proved by making a change of variable in Equation (4.14):

z → u(z) =
1− z2

2(x− z)
(4.17)

This transformation introduces a branch cut between two points, and the integral is
rewritten over a new contour that encircles the branch point without crossing it. By
parameterizing this contour appropriately and simplifying the resulting expression using
properties of square roots on different Riemann sheets, equation (4.16) can be obtained.

4.3 Integral Representation of the Bessel Function

To show the equivalence between the solution obtained from Hankel transformation
and Green’s function, we need another useful identity comes from the integral represen-
tation of Bessel function. In this section we will briefly review the integral representation
of Bessel function used in this research.

In many physical problems possessing cylindrical or spherical symmetry, the resulting
differential equations reduce to a form known as the Bessel differential equation. The
standard form of the Bessel equation of order ν is given by:

z2
d2y

dz2
+ z

dy

dz
+ (z2 − ν2)y = 0, (4.18)

We can apply series solution method to this equation just like we did in Hypergeometric
equation in the Appendix. The solution of this differential equation y(z) is called the
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Bessel function, and ν is a real or complex parameter called the order of the Bessel
function. Bessel functions play a crucial role in various branches of mathematical physics,
including electromagnetic theory, wave propagation, and quantum mechanics.

The two linearly independent solutions of Equation(4.18) are defined as the Bessel
function of the first kind Jν(z) and the Bessel function of the second kind Yν(z), respec-
tively. In this research, the integral representation of the Bessel function of the first kind
will be used. The Frobenius solution of the Bessel function of the first kind are given by:

Jn(z) =
∞∑
s=0

(−1)s

s!(n+ s)!

(z
2

)n+2s

. (4.19)

Additional, an important integral representation of Bessel function of the first kind is
given by:

Jν(z) =
Γ
(
1
2
− ν
) (

z
2

)ν
2πiΓ

(
1
2

) ∫
C

eizt(t2 − 1)ν−
1
2 dt. (4.20)

This is Hankel representation. The complete derivation of this integral representation can
be found in Appendix. If we let ν = 0, we obtain the special case of it:

J0(ω) =
1

2π

∫ π

−π
eiω cos θ dθ (4.21)

where ω is defined as:
ω =

√
z2 + z′2 − 2zz′ cosϕ. (4.22)

where z, z’ and ϕ are all complex variables. This representation naturally arises in prob-
lems with axial symmetry, and it reflects the close connection between Bessel function
and Fourier transformation. It is also sometimes referred to as Parseval’s integral in the
literature. This integral representation is particularly useful in various physical applica-
tions, including the calculation of the magnetic vector potential in cylindrical coordinates.
One of the important addition theorems come out of this integral representation is the
following formula [28]:∫ ∞

0

e−atJν(bt)Jν(ct) dt =
1

π
√
bc
Qν− 1

2

(
a2 + b2 + c2

2bc

)
(4.23)

This formula is a classical result in the theory of special functions and it has applica-
tions in many physical problems, particularly in the axis-symmetric case. The appearance
of the Legendre function Qν−1/2 reflects the underlying axial symmetry of the problem.
In this research, the parameters a, b, and c are assumed to be positive real numbers.
The derivation of this formula is also provided in the Appendix. Although the derivation
process is somewhat complicated, it originates from a very simple integral representation
introduced in the Appendix (Poisson integral representation). In chapter 5, we will apply
this formula to the magnetic vector potential solution of Maxwell’s equations derived from
Green’s function.

4.4 Hankel Transformation

The Hankel transformation is a powerful integral transform commonly used in prob-
lems possessing general axial symmetry. It is particularly useful for solving Maxwell’s

32



equations possessing the axial symmetric current in cylindrical coordinates, where the ax-
ial symmetry simplifies the mathematical treatment significantly. The Hankel transform
can be regarded as a two dimensional Fourier transformation, or as the the radial ana-
logue of the Fourier transform replacing the plane wave basis with Bessel functions, which
naturally arise in systems with circular or cylindrical source distribution. In the context
of this research, the Hankel transformation provides an efficient method to analyze the
electromagnetic fields generated by current distributions with rotational symmetry along
z axis, such as pancake coils or circular loops. The use of the Hankel transform is essen-
tial for converting partial differential equations into a simple form of ordinary differential
equations. The Hankel transformation and inverse Hankel transformation are defined
respectively as follows [29]:

f̃ν(k) =

∫ ∞

0

rJν(kr)f(r) dr, f(r) =

∫ ∞

0

kJν(kr)f̃ν(k) dk. (4.24)

where Jν(kr) is the Bessel function of the first kind of order ν. The inverse Hankel
transform allows for reconstructing the physical field configuration from its transform
representation. In the following sections, we will call this representation the Hankel
transform representation. It turns out that in the Hankel transform representation, we
can analytically solve Maxwell’s equation in different regions, and calculate the boundary
condition coefficients of the solutions in a very simple way. To see why, we introduce
another useful relation hold in Hankel transformation:∫ ∞

0

dr rJν(kr)

(
∂2

∂r2
+

1

r

∂

∂r
− ν2

r2

)
f(r) = −k2f̃ν(k) (4.25)

This property is particularly useful for solving partial differential equations with cylindri-
cal symmetry, as it allows the radial part of the Laplacian operator to be replaced by a
simple multiplication by −k2 in the Hankel transform space. In this research, we can use
Hankel transformation to solve all Maxwell’s equations with axis-symmetric inhomoge-
neous term. The formula derived from the integral representation of Legendre function of
the second kind and the integral representation of Bessel in last section, serves as a dou-
ble check, which will give the exactly same result with Hankel transformation. Moreover,
although Hankel transformation is very powerful in solving problems with axis-symmetric
current distributions, it can not be applied in spiral current distribution case because the
current distribution in spiral coil dose not possess the axial symmetry. Therefore the ap-
proach using Green’s function can not be completely replaced by Hankel transformation
in this research.
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Chapter 5

Derivation of Inversion Formula for
Different Coils

In this section, the analytical solutions of Maxwell’s equations with different coils will
be presented.

To validate the solution obtained from Green’s function and integral representation of
special functions, the analytical solution in the case of Pancake coil is revisited, and the
result of inductance reported in the previous study has been successfully reproduced [17].
In order to derive the analytical solutions for spiral coil, an approximation model for spiral
coil was proposed in this thesis. For axis-asymmetric case, the Green’s function solution
to Maxwell’s equations in the case of Archimedean spiral coil were calculated as well.
Moreover, a parametrized inductance based on the approximation model of spiral coil
was proposed to account for the effect from finite cross-section size and axial asymmetry
of the coil.

5.1 The General Theory for Axis-Symmetric Coil

In this section, we review the theoretical approach for calculating the magnetic vector
potential generated by axis-symmetric currents together with a bulk superconducting
sample. An axis-symmetric coil refers to a coil structure that is invariant under rotation
along the z-axis in cylindrical coordinates. Due to this symmetry, the only nonzero
components of current vector is along θ direction:

J(r, z) = 0 · r̂ + Jθ(r, z)θ̂ + 0 · ẑ (5.1)

Under this assumption, the vector potential A⃗ only possesses a nonzero component
along the θ direction, i.e., Aθ(r, z), while the r and z components vanish. This is because
the source current does not have the r and z components.

A(r, z) = 0 · r̂ + Aθ(r, z)θ̂ + 0 · ẑ (5.2)

We can use the following formula to calculate Aθ(r, z) and Jθ respectively:

Aθ(r, z) = A(r, z) · θ̂ (5.3)
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Jθ(r, z) = J(r, z) · θ̂ (5.4)

This simplification significantly reduces the complexity of solving Maxwell’s equations.
The induced screening current density on the sample is given by the relation:

J⃗s = σE⃗ = iωσA(r, z) θ̂, (5.5)

where σ is the imaginary part of complex conductivity of the superconductor(In high
frequency limit, the real part of σ is nearly zero [1]).

The Maxwell’s equations to the coil current Jθ and a superconducting sample under
a coil are determined by the Heaviside function in cylindrical coordinates:

∇2Aθ(r, z) = −µ0 [Jθ(r, z) + iωσHd(−z)Aθ(r, z)] (5.6)

In this expression, Hd(z) denotes the Heaviside step function, which takes the value of
unity within the region 0 ≤ z ≤ d, and vanishes outside this interval:

Hd(z) =

{
1, 0 < z < d

0, else
(5.7)

where d represents the thickness of the sample. By using a complex length defined as

ℓ ≡
√

i
µ0σω

, equation (5.5) can be rewritten as:

J⃗s = − 1

µ0ℓ2
A(r, z), (5.8)

where the complex length ℓ will be reduced to London penetration depth at low tem-
perature. With equation (5.8), Maxwell’s equations can now be expressed explicitly in
cylindrical coordinates as follows:(

∂2

∂r2
+

1

r

∂

∂r
− 1

r2
+

∂2

∂z2

)
A(r, z) = −µ0Jθ (z ≤ 0), (5.9)

(
∂2

∂r2
+

1

r

∂

∂r
− 1

r2
+

∂2

∂z2
− 1

ℓ2

)
A(r, z) = 0 (0 ≤ z ≤ d), (5.10)(

∂2

∂r2
+

1

r

∂

∂r
− 1

r2
+

∂2

∂z2

)
A(r, z) = 0 (d ≤ z). (5.11)

Furthermore, by using equation (4.25) introduced in the section of Hankel transfor-
mation, the Maxwells’ equations are reduced to ordinary differential equations for Ã(k, z)
in the Hankel transformed space, which can be solved analytically in each region [33]:(

∂2

∂z2
− k2

)
Ã(k, z) = 0 (z ≤ 0), (5.12)

(
∂2

∂z2
− β2

)
Ã(k, z) = 0 (0 ≤ z ≤ d), (5.13)(

∂2

∂z2
− k2

)
Ã(k, z) = 0 (d ≤ z). (5.14)
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where we assumed Jθ = 0 in the above expression, and β is defined as β ≡ λ−1
√
1 + s2λ2.

Solving the above equations will give us homogeneous solutions of equations(5.9), (5.10),
and (5.11). The integral solution of the vector potential Aθ(r, z) is also provided based on
Green’s function formalism, which explicitly describes the contribution from the source
current density Jθ(r

′, z′) distributed in the coil. One must realize that this solution is not
the solution which encodes the presence of the superconductor. Because Green’s function
formalism assumes that vector potential will vanish at the infinity, and in other places
it is free to propagate. So in this sense we can call this solution the ”free solution” of
the Maxwell’s equations in cylindrical coordinate system. The expression of Aθ(r, z) in
cylindrical coordinate system is given by:

Aθ(r, z) =
µ0

4π

∫∫∫
r′Jθ(r

′, z′) cosϕ

[r2 + r′2 + (z − z′)2 − 2rr′ cosϕ]1/2
dϕ dr′ dz′ (5.15)

where ϕ ≡ θ− θ′. In the following calculation, we will replace the integration over θ with
the integral representation of special functions. From a deeper logical perspective, the
reason why we can perform the above replacement in the integral lies in the fact that,
for an axis-symmetric problem, the solution should not contain any dependence on the
polar angle θ. Furthermore, the Legendre equation corresponds to the solution of an axis-
symmetric system, while the associated Legendre function corresponds to the solution of
a spherically symmetric system. If we recall the solutions of the Schrödinger equation for
the hydrogen atom, the angular part of the wave function can be expressed in terms of
the associated Legendre functions [31], where the two indices l and m correspond to the
angular momentum quantum number and the magnetic quantum number, respectively.
The situation here is analogous: the Legendre function is used to represent the solution of
an axis-symmetric problem. In general, one should try to find an integral representation
of the Legendre function for the solutions of axis-symmetric solutions. And the attempt
made here turns out to be successful. In our case, the integration over the azimuthal angle
ϕ appears naturally when calculating the vector potential in an axis-symmetric system.
The integrand has the form:∫

cosϕ dϕ

[r2 + r′2 + (z − z′)2 − 2rr′ cosϕ]1/2
. (5.16)

where the integration is from 0 to π. By comparing this expression with equation (4.16),
we can identify that the denominator has the same structure as in Qv(z), if we make the
following substitution:

z =
r2 + r′2 + (z − z′)2

2rr′
. (5.17)

This substitution corresponds to the standard variable transformation in the addition
theorem of Legendre functions. Since we are dealing with the case v = 1/2, the corre-
sponding Q1/2(z) has an explicit integral representation, which matches exactly with the
angular integral over ϕ in equation (5.15). Therefore, equation (5.18) follows directly from
applying the integral representation of Q1/2(z) to the ϕ integration, with an additional

factor 1/
√
rr′ coming from the normalization of the integral:
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∫
cosϕ dϕ

[r2 + r′2 + (z − z′)2 − 2rr′ cosϕ]1/2
=

1√
rr′
Q1/2

(
r2 + r′2 + (z − z′)2

2rr′

)
. (5.18)

Next we should verify that: The solution calculated by the Green’s function approach
and the Hankel transformation approach is identical. To verify this, we need to use equa-
tion(4.23) in the section of integral representation of Bessel function. The reason for
applying equation(4.23) is straight forward, because the integrand of Hankel transforma-
tion contains Bessel function. So naturally we would like to express Legendre function in
terms of the integral of Bessel function. If we chose ν = 1, a = |z − z′|, b = r, and c = r′

in equation(4.23), it yields:∫ ∞

0

e−s|z−z
′|J1(rs)J1(r

′s) ds =
1

π
√
rr′
Q1/2

(
(z − z′)2 + r′2 + r2

2rr′

)
. (5.19)

where a = |z − z′| ≥ 0 and this ensures that the integral does not diverge. Put the above
formula back to the vector potential we obtained:

Aθ(r, z) =
µ0

2

∫∫∫
r′Jθ(r

′, z′)e−s|z−z
′|J1(sr)J1(sr

′) ds dr′ dz′ (5.20)

where Jθ is the current source in the θ direction. J1(sr) is the first order Bessel function.

Using this formula we can calculate the vector potential Aθ created by any source J⃗ which
only has nonzero component in θ direction. Moreover, from equation(5.20), we can derive
a 2-D Green’s function:

G(r, r′, z, z′) =
µ0

2

∫
r′e−s|z−z

′|J1(sr)J1(sr
′) ds (5.21)

Then equation (5.20) can be calculated by integrating the Green’s function together
with the source. This will serve as an inhomogeneous solution of the Maxwell equation in
region z ≤ 0. Then we can compare it with the result derived from solving equation(5.12).
The comparison will be done in the following section.

This theoretical formulation lays the foundation for calculating the analytical expres-
sion of the vector potential created by the coil-superconductor system in the subsequent
sections.

5.2 The Pancake Coil Revisit

To show that the calculation in this research can give the same result in previous
research [17] [32], we consider a typical configuration of a pancake coil for the purpose of
inductance measurement and penetration depth analysis in superconducting samples. As
shown in Figure 5.1, the coil system consists of two identical pancake coils symmetrically
placed with respect to the center axis with a minimum radius R. It is composed of M
turns in the radial direction and L layers in the z axis direction. The radial spacing
between adjacent turns is denoted by ∆R, and the axial spacing between adjacent layers
is denoted by ∆L. The coil is placed below the superconducting sample at a distance −h.
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This configuration provides an effective model to analyze the coupling between the
coil-generated magnetic field and the sample’s electromagnetic response. In particular,
the cylindrical symmetry of the pancake coil allows for the simplification of the vector
potential and magnetic field calculation using Hankel transforms or integral with Bessel
functions derived in the last section.

z

r

R
h

Δl

ΔR

Figure 5.1: Cross-sectional view of the pancake coil together with the sample block.

Since the pancake coil model satisfies the condition of axial symmetry, we can start
from equation (5.21) to derive the two-dimensional Green’s function. This Green’s func-
tion will then be used to obtain the particular solution of the second-order inhomogeneous
differential equation. At region z < 0, the current of the pancake coil is given by:

Jθ(r, z) = I
L−1∑
l=0

δ(z + h+ l∆h)
M−1∑
m=0

δ(r −R−m∆R) (5.22)

By integrating the two dimensional Green’s function multiplied by the source term
(the current) with respect to the variable s, we obtain:

Aθ(r, z) =
µ0I

2

L−1∑
l=0

M−1∑
m=0

rm

∫
e−s|z+h+l∆h|J1(sr)J1(srm) ds (5.23)

where rm is defined as:
rm ≡ R +m∆R (5.24)

From the definition of inverse Hankel transformation, we have:

Aθ(r, z) =

∫ ∞

0

sJν(sr)Ã(s) ds (5.25)

By comparing equation (5.23) and (5.25)(when ν=1), we have:

Ãθ(s, z) =
µ0I

2

L−1∑
l=0

M−1∑
m=0

rmJ1(srm)
1

s
e−s|z+h+l∆h| (5.26)
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Equation (5.26) is a particular solution of the inhomogeneous differential equation in
region z < 0. The homogeneous solution can be calculated by using equation (5.12) ∼
(5.14) in the previous section. The general solution is the homogeneous term adding the
inhomogeneous term:

g̃(s, z) ≡ µ0I

2

L−1∑
l=0

M−1∑
m=0

rmJ1(srm)
1

s
e−s|z+h+l∆h| (5.27)

Ã(s, z) = g̃(s, z) + C1(s)e
sz, (z ≤ 0) (5.28)

where we defined the Hankel transformation of the inhomogeneous solution as g̃(s, z) for
simplification. The vector potential at region 0 ≤ z ≤ d and d ≤ z only possess the
homogeneous terms:

Ã(s, z) = C2(s)e
−βz + C3(s)e

βz, (0 ≤ z ≤ d) (5.29)

Ã(s, z) = C4(s)e
−s(z−d), (d ≤ z) (5.30)

where λ is the penetration depth of the superconducting materials used in the experiment.
The information of the superconductor was encoded in the parameter β, defined as β =
1
λ
(1 + s2λ2)

1
2 . At this point, we can impose the boundary conditions to this solutions,

and they are completely solvable. To determine the coefficients C1(s) through C4(s) in
the general solution for the vector potential, we apply the boundary conditions across the
interfaces between different regions. These boundary conditions arise from the continuity
of the magnetic field components, which are governed by Maxwell’s equations. The radial
component of the magnetic field Br(r, z) is related to the vector potential A(r, z) through:

Br(r, z) = −∂Aθ(r, z)
∂z

=

∫ ∞

0

ds sJ1(sr)

(
−∂Ãθ(s, z)

∂z

)
(5.31)

which follows directly from the definition B⃗ = ∇× A⃗ in cylindrical coordinates under the
assumption of azimuthal symmetry. where Ã(s, z) denotes the Hankel-transformed vector
potential. Imposing the boundary condition Hr1 −Hr2 = Br1/µ1 − Br2/µ2 = 0 at z = 0
and z = d lead to the following equations:

µ0I

2

∑
m

(−1)mrmJ1(srm)
1

s
e−sh − C1 =

β

s
(C2 − C3), (5.32)

C2e
−βd − C3e

βd =
s

β
C4 (5.33)

where we assumed that µ1 = µ2. In the following chapter, our simulation software will also
use this condition. These two equations form part of the four boundary conditions required
to determine the coefficients. The remaining two conditions arise from the continuity of
the perpendicular component of the magnetic field Bz at z = 0 and z = d, which can be
calculated by the following formula:

Bz(r, z) =
1

r

(
Aθ + r

∂Aθ
∂r

)
=

∫ ∞

0

ds s

(
J1(sr)

r
+ sJ1(sr)

)
Ã(s, z), (5.34)
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Imposing the boundary condition Bz1 − Bz2 = 0 at z = 0 and z = d will give us the
following equations:

µ0I

2

∑
m

(−1)mrmJ1(srm)
1

s
e−sh + C1 = C2 + C3, (5.35)

C2e
−βd + C3e

βd = C4, (5.36)

By solving these four equations, the coefficients C1(s) to C4(s) can be uniquely deter-
mined, which enables the construction of the complete solution for the vector potential
in each region:

C1 =
(−1 + e2βd)(s− β)(s+ β) g̃(s, 0)

(−1 + e2βd) s2 + 2 (1 + e2βd) sβ + (−1 + e2βd) β2
(5.37)

C2 =
2e2βd s (s+ β) g̃(s, 0)

(−1 + e2βd) s2 + 2 (1 + e2βd) sβ + (−1 + e2βd) β2
(5.38)

C3 =
2 s (s− β) g̃(s, d)

(−1 + e2βd) s2 + 2 (1 + e2βd) sβ + (−1 + e2βd) β2
(5.39)

C4 =
4 eβd s β g̃(s, d)

(−1 + e2βd) s2 + 2 (1 + e2βd) sβ + (−1 + e2βd) β2
(5.40)

After obtain the solution of vector potential in different regions. We are ready to
calculate the impedance and the inductance of the circuit now. The integration along the
coil are given by:

∫
coil

dl →
∑
m

∑
l

∫
dr × rδ(r − rm)

∫
dθ

∫
dz δ(z + h+ l∆h) (5.41)

Hence, we find:

Z(β) = iπωµ0

∫
N (s)ds+ iπωµ0

∫ ∞

0

ds

(
s
β
− β

s

)
2 coth(βd) +

(
s
β
+ β

s

)M(s) (5.42)

M(s) =

{
e−hs

L−1∑
l=0

e−l∆hs
M−1∑
m=0

J1(srm) rm

}2

(5.43)

N (s) =

{∑
m

(−1)mrmJ1(srm)

}2

(5.44)

The change of the inductance L due to the variation of penetration depth λ can be
calculated by using ∆Zω ≃ iω∆L. Hence we have:
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L(β) = L0 + πµ0

∫ ∞

0

{
e−hs

∑L−1
l=0 e

−l∆hs∑M−1
m=0 J1(srm)× rm

}2

1 + 2sλ coth (βd)
ds

= L0 + πµ0

∫ ∞

0

ds

(
s
β
− β

s

)
2 coth(βd) +

(
s
β
+ β

s

)M(s) (5.45)

here, L0 denotes the inductance of the coil at the room temperature, which can be mea-
sured in the experiment.

When the sample is a superconductor, λ represents the penetration depth, typically
ranging from approximately 100 nm to 1000 nm. The expression of M(s) includes the
exponential factor e−2hs, which decays rapidly when s ≫ (2h)−1 ∼ 104. Therefore,
the integral can be cut-off around s ∼ 106. In this regime, since sλ < 10−2, we may
approximate β ∼ 1

λ
, leading to s

β
− β

s
= − 1

sλ
, s

β
+ β

s
= 1

sλ
. Under this approximation,

equations (5.42) and (5.45) can be simplified as follows:

Z(λ) = iπωµ0

∫
N (s)ds− iπωµ0

∫ ∞

0

M(s)

1 + 2sλ coth
(
d
λ

) ds (5.46)

L(λ) = L0 − πµ0

∫ ∞

0

M(s)

1 + 2sλ coth( d
λ
)
ds (5.47)

Using the above equations, we can evaluate the change in impedance and inductance of
the coil induced by temperature variations—that is, by changes in the London penetration
depth.

5.3 An Axial-Symmetric Approximation Model of The

Spiral Coil

A spiral coil is a type of coil in which a wire is wound in a spiral or helical pattern.
Unlike conventional spiral coils, the wire line of the spiral coil used in this thesis goes from
a single continuous line, and the line that reaches the center from the outer periphery
passes through the gaps between the inward-going line and returns to the outer periphery
in the opposite direction. As a result, the current flowing through adjacent wires flows
in opposite directions, generating a magnetic field only near the coil and reducing the
magnetic flux reaching distant areas. This makes the coil highly sensitive to changes in
the magnetic field distribution near the coil.

An axial symmetry approximation model means that we replace the spiral shape of
the coil by a set of circle coils, so we can use the general theory of axial symmetric coil
to calculate this model.

We adopt the following experiment configuration: The coil was placed below the
superconductor with distance h, the distance between the adjacent turn was given by
∆R. The thickness of sample was given by d. In this case we only consider one layer
in z direction. We will solve this case in the cylindrical coordinate as well. The current
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Approximation

Figure 5.2: Schematic diagram of the approximation process for spiral coil [34]. The
arrows denote the direction of the currents.

distribution in this case can be described by an additional (−1)m factor to indicate the
inverse direction of the current in adjacent turn:

Jθ(r, z) = Iδ(z + h)
∑
m

(−1)mδ(r − rm) (5.48)

In this case we can still use the Green’s function in equation(5.21), and multiply it
with the source current and integrate it over the variable s to give the inhomogeneous
solution in region z < 0:

Aθ =
µ0I

2

∑
m

(−1)mrm

∫
e−s|z+h|J1(sr)J1(srm) ds (5.49)

The solution in the Hankel-transformed space can be obtained from the inverse Hankel
transformation as follows:

Aθ(r, z) =

∫ ∞

0

sJν(sr)Ã(s, z) ds (5.50)

Ãθ(s, z) =
µ0I

2

M−1∑
m=0

(−1)mrmJ1(srm)
1

s
e−s|z+h| (5.51)

In both here and the previous section, the above solution was not derived using the
Hankel transformation but the Green’s function. In this section, we apply the Hankel
transformation at region z < 0 and derive the solution again, aiming to compare the
results from two different approaches and thereby enhance the reliability of the solution.
With the similar way to obtain (5.12), the equation at region z < 0 are given by:(

∂2

∂z2
− s2

)
Ãθ(s, z) = −µ0Iδ(z + h)

∑
m

(−1)mrmJ1(srm). (5.52)

Take the Fourier transformation on both side of the above equation, the delta function
on the right-hand side will become an exponent in the Fourier space, which yields the
solution of Ãθ(s, z) in Fourier space:
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ÃF (s, q) = µ0I
∑
m

(−1)m
rmJ1(srm)

q2 + s2
e−iqh (5.53)

Then by taking the inverse Fourier transformation of ÃF (s, q), we derived the solution
of equation (5.52):

Ãθ(s, z) =

∫ ∞

−∞
ÃF (s, q)e

iqz dq.

=
µ0I

2

M−1∑
m=0

(−1)mrmJ1(srm)
1

s
e−s|z+h| (5.54)

Comparing equation (5.54) and equation (5.51), we find that they match exactly the
same with each other. Below, we will denote this result as f to avoid confusion with the
special solution in pancake coil case:

f̃(s, z) ≡ µ0I

2

M−1∑
m=0

(−1)mrmJ1(srm)
1

s
e−s|z+h| (5.55)

The general solution can be obtained by adding the homogeneous terms in the region
z < 0, while in the other regions we only have the homogeneous terms:

Ã(s, z) = f̃(s, z) + C1(s)e
sz, (z ≤ 0) (5.56)

Ã(s, z) = C2(s)e
−βz + C3(s)e

βz, (0 ≤ z ≤ d) (5.57)

Ã(s, z) = C4(s)e
−s(z−d), (d ≤ z) (5.58)

β ≡ λ−1
√
1 + s2λ2 (5.59)

Similarly, in the case of the pancake coil, the four coefficients C1 to C4 are determined
by the continuity conditions of all components of the magnetic field at each boundary.
Here we only need to substitute all the g̃(s, 0) into f̃(s, z) in equations (5.37) ∼ (5.40) to
get the boundary coefficients in spiral coil case:

C1 =
(−1 + e2βd)(s− β)(s+ β) f̃(s, 0)

(−1 + e2βd) s2 + 2 (1 + e2βd) sβ + (−1 + e2βd) β2
(5.60)

C2 =
2e2βd s (s+ β) f̃(s, 0)

(−1 + e2βd) s2 + 2 (1 + e2βd) sβ + (−1 + e2βd) β2
(5.61)

C3 =
2 s (s− β) f̃(s, d)

(−1 + e2βd) s2 + 2 (1 + e2βd) sβ + (−1 + e2βd) β2
(5.62)

C4 =
4 eβd s β f̃(s, d)

(−1 + e2βd) s2 + 2 (1 + e2βd) sβ + (−1 + e2βd) β2
(5.63)
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The impedance and the inductance of the circuit can be calculated respectively by
integrating along the coil at region z ≤ 0. The integration along the coil takes the form:∫

coil

dl →
∑
m

∫
dr × r(−1)mδ(r − rm)

∫
dθ

∫
dz δ(z + h) (5.64)

After the integration, we can obtain the expression of impedance and inductance as
follows:

Z =
iω

I

∑
m

2πrm(−1)m+1

∫ ∞

0

ds sJ1(srm)Ã(s,−h)

= Z0 − iπωµ0

∫ ∞

0

L(s)
1 + 2sλ coth

(
d
λ

) ds (5.65)

L(s) =

{
e−sh

M−1∑
m=0

(−1)mJ1(srm)× rm

}2

(5.66)

L =
1

I

∑
m

2πrm(−1)m
∫ ∞

0

ds sJ1(srm)Ã(s,−h)

= L0 − πµ0

∫ ∞

0

L(s)
1 + 2sλ coth

(
d
λ

) ds (5.67)

The important part is the inductance effect from the sample, which we will denote it
as Zs and Ls respectively:

Zs = −iπωµ0

∫ ∞

0

L(s)
1 + 2sλ coth

(
d
λ

) ds (5.68)

Ls = −πµ0

∫ ∞

0

L(s)
1 + 2sλ coth

(
d
λ

) ds (5.69)

The variation of the penetration depth will change the value of the above two equa-
tions. The variation of the inductance will cause the variation of the resonant frequency.
Then by reading the variation of the resonant frequency of the circuit from experiment
device, we can transform the raw data of frequency into the penetration depth of the
superconductor at different temperatures. And finally we will get the penetration depth
as a function of temperature, which enables us to compare it with the result from BCS
theory.

5.4 Axial-Asymmetry Model: The Archimedean Spi-

ral Coil

An Archimedean spiral coil is a type of planar spiral coil where the radius of each loop
increases linearly with the angle as the coil spirals outward from the center(as shown in
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Figure 5.3). The parametrization of a spiral shape in two dimensional polar coordinate is
defined as:

r(θ) = a+ bθ (5.70)

where r(θ) represents the radial distance from the center as a function of the polar angle
θ, where a is the initial radius (offset from the center), and b is the spacing constant
that determines how tightly the spiral is wound, and θ is the polar angle. In order to
solve Maxwell’s equations in the presence of a spiral coil, we first define the current of
the spiral coil. We place the coil at a two dimensional plane z = −h located below the
superconductor. Since the spiral coil does not possess the axial symmetry along z axis,
the current will be a vector with two non-zero components. Again we use delta function
to give the current a spiral shape:

Jθ(r, θ, z) = Iδ(z + h)
m∑
n=0

δ

(
r − a− ∆R

π
(θ + 2nπ)

)
cosα (5.71)

Jr(r, θ, z) = Iδ(z + h)
m∑
n=0

δ

(
r − a− ∆R

π
(θ + 2nπ)

)
sinα (5.72)

tanα =
drm
rmdθ

, rm(θ) = a+
∆R

π
(θ + 2mπ) , drm =

∆R

π
dθ (5.73)

where ∆R is the radial spacing between adjacent turns, and a is the initial length of the
radius. α is the angel between the direction along the spiral coil and the direction of θ
axis in polar coordinate. Another red solid line along the r direction is perpendicular to
the red solid line along θ direction.

Followed by the above definition, the sinα, cosα and tanα can be calculated as:

tanα =
∆R
π
dθ

rm · dθ
=

∆R

πrm(θ)
, cosα =

(
1

1 + tan2 α

) 1
2

, sinα =

(
tan2 α

1 + tan2 α

) 1
2

(5.74)

Followed by equations (5.71) and (5.72), we can immediately tell that the vector

potential A⃗(r⃗) will have two non-zero components Ar, Aθ. This is different from the axis-
symmetric case, where we only have one non-zero component. If we adopt the Coulomb
gauge condition (∇ · A⃗ = 0) and assume that Az = 0, then by evaluating the expression

∇× (∇× A⃗), we obtain:

∇× (∇× A⃗) =
1

r

{[
1

r

∂

∂θ

(
∂(rAθ)

∂r
− ∂Ar

∂θ

)
− ∂2Ar

∂z2

]
r̂

+

[
−r∂

2Aθ
∂z2

− ∂

∂r

(
1

r

(
∂(rAθ)

∂r
− ∂Ar

∂θ

))]
θ̂

+

[
∂2Ar
∂r∂z

+
∂2Aθ
∂θ∂z

]
ẑ

}
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Figure 5.3: The Archimedean spiral when a = 0. The orange line represents the tangent
to the spiral curve, while the two red lines are perpendicular to each other, pointing in
the radial (r) and angular (θ) directions of the polar coordinate, respectively.
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Although the axial symmetry is broken in this case, the magnetic vector potential A⃗
created by the supercurrent still obeys London’s equations in the low magnetic field limit.
Therefore, we can still use the following relation to describe the induced screening current
on the surface of the sample:

J⃗θs = − 1

µ0ℓ2
Aθ(r, z) θ̂

J⃗rs = − 1

µ0ℓ2
Ar(r, z) r̂

(5.75)

The Maxwell’s equations in three different regions and two different components of
magnetic vector potential are given by:

1

r2
∂

∂θ

(
∂Ar
∂θ

− ∂(rAθ)

∂r

)
+

1

r

∂2Ar
∂z2

= −µ0Iδ(z + h)
m∑
n=0

δ

(
r − a− ∆R

π
(θ + 2nπ)

)
sinα , (z ≤ 0) (5.76)

1

r

∂

∂θ

(
∂Ar
∂θ

− ∂(rAθ)

∂r

)
+
∂2Ar
∂z2

− 1

ℓ2
Ar = 0 , (0 ≤ z ≤ d) (5.77)

1

r2
∂

∂θ

(
∂Ar
∂θ

− ∂(rAθ)

∂r

)
+

1

r

∂2Ar
∂z2

= 0 , (d ≤ z) (5.78)

∂2Aθ
∂z2

+
∂

∂r

(
1

r

∂(rAθ)

∂r
− 1

r

∂Ar
∂θ

)
= −µ0Iδ(z + h)

m∑
n=0

δ

(
r − a− ∆R

π
(θ + 2nπ)

)
cosα , (z ≤ 0) (5.79)

∂2Aθ
∂z2

+
∂

∂r

(
1

r

∂(rAθ)

∂r
− 1

r

∂Ar
∂θ

)
− 1

ℓ2
Aθ = 0 , (0 ≤ z ≤ d) (5.80)

∂2Aθ
∂z2

+
∂

∂r

(
1

r

∂(rAθ)

∂r
− 1

r

∂Ar
∂θ

)
= 0 , (d ≤ z) (5.81)

If we assume axial symmetry on these equations (∂Aθ/∂θ = 0) and that the radial
component of the vector potential vanishes (Ar = 0), the left-hand side of these equations
simplifies as (without the screening current part):

∂2Aθ
∂z2

+
∂

∂r

(
1

r
Aθ +

∂Aθ
∂r

)
=
∂2Aθ
∂z2

+

(
− 1

r2
Aθ +

1

r

∂Aθ
∂r

+
∂2Aθ
∂r2

)
(5.82)

This is exactly the left-hand side part of differential equation in axis-symmetric case.
The solutions of these Maxwell’s equations can be calculated from the general solution in
equation (4.10) derived by the Green’s function at different regions, respectively. Specifi-
cally, we are interested in the solutions at the region z < 0, where the spiral coil is present.
The solutions in this region are given by:
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Ar = A · r̂, Aθ = A · θ̂ (5.83)

Ar =
µ0

4π

∫∫∫
1

|r− r′|
(J(r′, t) · r̂) d3r′ (5.84)

Aθ =
µ0

4π

∫∫∫
1

|r− r′|

(
J(r′, t) · θ̂

)
d3r′ (5.85)θ̂ · θ̂

′
= r̂′ · r̂ = cos θ′ cos θ + sin θ′ sin θ = cos(θ′ − θ),

r̂ · θ̂
′
= −θ̂ · r̂′ = − cos θ sin θ′ + cos θ′ sin θ = sin(θ − θ′).

(5.86)

After integrating with respect to r′ and z′, the solution of vector potential in region
z < 0 under the boundary condition that A⃗ vanishes at infinity can be written as:

Ar(r, θ, z) =
µ0I

4π

n∑
m=0

∫ 2π

0

[
r2 + (rm + bθ′)2 + (z + h)2 − 2r(rm + bθ′) cos(θ′ − θ)

]− 1
2

× [cos(θ′ − θ) sinα− sin(θ′ − θ) cosα] (rm + bθ′) dθ′ (5.87)

Aθ(r, θ, z) =
µ0I

4π

n∑
m=0

∫ 2π

0

[
r2 + (rm + bθ′)2 + (z + h)2 − 2r(rm + bθ′) cos(θ′ − θ)

]− 1
2

× [cos(θ′ − θ) cosα + sin(θ′ − θ) sinα] (rm + bθ′) dθ′ (5.88)

Equation (5.87) and (5.88) will serve as the inhomogeneous solution of the r and θ
component of magnetic vector potential in region z < 0 respectively. It has imposed the
boundary condition that A⃗ will vanish at infinity, which means the superconductor is not
present in this solution. Furthermore, with the spiral shape, the vector potential A⃗ will
depend on the polar angel θ, which means it no longer has an axial symmetric distribution
in x-y plane. In other words, we can neither apply the Hankel transformation to the
differential equations, nor express the inhomogeneous solution at z < 0 as a Bessel function
integral representation, as we did in the axis-symmetric case. This makes the derivation of
analytical expression very difficult, and the analytical result of A⃗ after imposing boundary
conditions is still unsolved in this thesis. But still the ”free solution” of A⃗ provides us an
analytical solution of the exact spiral coil in free space, which needs further exploration.

Except its failure to give the analytical solutions with given boundary conditions in
this study, it still can give us a way to calculate the inductance of the spiral coil at
room temperature. To calculate the inductance of the spiral coil, we need to perform the
following integration:

IZ = iω

∮
coil

A⃗ · d⃗l

= iω

∫
[Aθ(r(θ), θ) r dθ + Ar(r, θ(r)) dr]

∝ iω

[∑
i

Ar,i∆lr +
∑
i

Aθ,i∆lθ

]
(5.89)
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Instead of directly performing the integral, it is more meaningful to consider its dis-
cretized form. This is because, in the next step, we will use COMSOL [35] simulations to
calculate the vector potential generated by the spiral coil, which was performed when a
superconductor with finite thickness is present. When solving electromagnetic problems,
three-dimensional simulation software such as COMSOL typically outputs the vector po-
tential in discretized form. Therefore, in the last line of the equation above, we express
the integral in its discretized form.

In this study, the Cartesian components of the magnetic vector potential at any point
on the spiral coil can be obtained from COMSOL simulations. It is thus necessary to
convert these components into their corresponding polar coordinate components using
the following formulas.

A⃗ = (Ax cos θ + Ay sin θ) r̂ + (−Ax sin θ + Ay cos θ) θ̂ (5.90)

where the radial and angular components of the magnetic vector potential can be identified
by the term in front of the corresponding unit vector. The z-component of the magnetic
vector potential is typically about one percent of the x- and y-components, and thus its
contribution can be neglected during integration.

The space position of all the data points can be specified by the distance away from
origin along the spiral coil, which can be calculated by the following formula(if we set θ1
to zero):

L =
b

2

[
θ
√
1 + θ2 + arcsinh θ

] ∣∣∣∣θ2
θ1

(5.91)

∆lr and ∆lθ in equation (5.92) and (5.93) are defined as radial and angular components
of an infinitesimal length along the spiral coil, which can be calculated from the formula
established above:

∆lθ = ∆l · cosα = ∆l ·
(

1

1 + tan2 α

)1/2

(5.92)

∆lr = ∆l · sinα = ∆l ·
(

tan2 α

1 + tan2 α

)1/2

(5.93)

5.5 An Effective Theory for Inductance of Spiral Coil

Since obtaining an analytical solution of magnetic vector potential in the case of a
planar spiral coil placed below a superconductor bulk with finite thickness is extremely
difficult, this study proposes an effective theory to approximately calculate the inductance
of the spiral coil. An important observation regarding the inductance integral is that
regardless of whether the coil is uniformly or non-uniformly distributed in r direction of
cylindrical coordinate, the result of the inductance integral remains linear within a certain
range of penetration depth. This observation can be tested by performing numerical
integral in Mathematica and see the result in a very short range of penetration depth.
Therefore, to account for the effect of the spiral geometry and coil cross-section, we only
need two parameters to modify the axial-symmetric approximation model developed in
previous section. These two parameters can be determined by fitting with the simulation
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result obtained from COMSOL(See figure 5.4(a)). The effective inductance integral is
given by:

L = a · L0 + c · Ls(λ) (5.94)

where a and c are parameters accounting for the effects of the coil’s cross-sectional size and
its spiral geometry. Ls(λ) is defined in Equation (5.69). Although L0 can be absorbed into
the parameter a to simplify the expression, it is retained here to emphasize the physical
meaning of each component, with L0 representing the inductance of the spiral coil at
room temperature. Equation (5.94) is only accurate within a very short range of London
penetration depth, thus it is called an effective theory of spiral coil inductance.

Table 5.1 summarizes the result of the inductance of spiral coil at room temperature
L0 calculated from theory, simulation, and measured from experiment, where we used the
axis-symmetric approximation model to calculate the theoretical value. From the table,
it is evident that the value calculated using the theoretical model(when a = 1, and c = 1)
shows a large discrepancy compared to both the simulation and experimentally measured
values. After fitting equation (5.94) with COMSOL simulation, we can determine the
value of parameter a and c. The fitted values of a and c are shown in Table 5.2. From
equation (5.94) and equation (8.1) in Chapter 8 we can determine the resonant frequency
as a function of London penetration depth in our measurement. The absolute value of
resonant frequency will be further calibrated by experimental data point, where we made
an assumption thatf(100 nm) = f(8.903K). This assumption is equivalent to saying
that the London penetration depth of the measured sample is 100 nm at 8.903K. The
result of resonant frequency as a function of London penetration depth after the absolute
calibration based on the above assumption is shown in Figure 5.4(b).

(a) The effective inductance integral fitted
by COMSOL simulation result.
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(b) The resonant frequency as a function
of London penetration depth after absolute
calibration.

Figure 5.4: The plot of effective inductance L and resonant frequency f as function of
London penetration depth.
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Table 5.1: Comparison of L0 from different approaches

Source of result L0

Experiment 21.9 nH (Coil1) / 22.5 nH (Coil2)
Simulation 21.54 nH
Theory 11.70 nH

Table 5.2: Fitted parameter values

Parameter Fitted Value

a 1.8442
c 0.5535
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Chapter 6

Numerical Calculation in
Mathematica

6.1 Introduction

Mathematica is a powerful computational software [36], which is widely used in sci-
entific, engineering, and mathematical fields for symbolic computation, numerical cal-
culation, data visualization, and algorithm development. It combines a high-level pro-
gramming language with an extensive library of built-in functions, which enables users to
perform complex mathematical operations with simple and readable code.

In this thesis, the following numerical calculations were performed within Mathemat-
ica:

1. Definite Integral of Magnetic vector potential produced by axis-symmetric coil

2. Definite Integral of Inductance of axis-symmetric coil

3. Definite Integral of Resonant frequency of resonant circuits

6.2 Parameters Setting

6.2.1 The Pancake Coil

In the pancake coil calculation, various physical and geometrical parameters were
defined to model the experimental setup. The current density Jc was set to −2.0 ×
10−2 A/m2. The magnetic permeability of free space was defined as µ0 = 4π×10−7 H/m.
The vertical distance between the pancake coil and the superconducting film was taken
as h = −30 µm, with the negative sign indicating that the coil is located below the film.
The film thickness d was normalized to 1 for simplification, and the value of inductance
at room temperature L0 = 7.779× 10−6 H was used.

To make the resonant frequency around f = 2 ∼ 4 × 106 MHz, the capacitance in
circuit was chosen as C0 = 1×10−9 F. The resistance R = 0.2 Ω represents the resistance
of the coil. The spatial coordinates of the coil turns were defined using two ranges: r
specifies the radial positions of the current elements, ranging from 250 µm to 448 µm in
steps of 18 µm, while l defines the vertical positions from the coil to the film surface,
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ranging from 30µm to 192 µm, also in 18 µm steps. These parameters together specify
the geometry, and material properties required for the numerical calculation of the vector
potential and magnetic flux in the system.

6.2.2 The Spiral Coil in axis-symmetric approximation

In the spiral coil calculation, some of the parameters were adjusted to meet the future
experimental conditions. The current density was set to Jc = −50.0× 10−3A/m2, which
is larger than the pancake coil case [17]. The magnetic permeability of free space have
the same value as µ0 = 4π × 10−7H/m. The excitation frequency was taken to be
ω = 18× 106 rad/s, corresponding to an resonant frequency signal in the MHz range.

The vertical separation between the coil and the superconducting film was specified
as h = 58.5µm, and the film thickness was also normalized to d = 1 for simplification.
The base inductance of the circuit was set to L0 = 15.6× 10−9H, and the resistance and
capacitance were assigned as R = 1.8 × 10−3Ω and C0 = 10 × 10−9 F, respectively, to
satisfy the resonant frequency in the MHz range of circuit in figure 8.3.

The spacing between adjacent coil turns was defined as b = 100µm. The radial length
of the current circles was assigned using a discretized array rm ranging from πb to 3000µm,
with steps of πb, where b = 100µm is the parameter in the parametrization equation of
spiral coil.

6.3 Numerical Calculation

6.3.1 Inductance

We will use equation (5.47) to calculate the inductance of the Pancake coil. Two nu-
merical integrations were performed using Mathematica’s high-precision numerical inte-
gration function NIntegrate. Each numerical integral defines an inductance as a function
of λ, with the integration method carefully controlled to ensure numerical stability and
precision.

The first numerical integral is defined as:

Ls[λ] := −πµ0 · NIntegrate

[
M [s]

1 + 2sλ coth
(
d
λ

) ,{s, 0, 106} ,Method →

"GlobalAdaptive",MinRecursion → 3,MaxRecursion → 6,AccuracyGoal → 15

]
(6.1)

This numerical integration is based on equation (5.47), which serves as an approximation
of equation (5.45). Therefore, it is valid in the regime of very small λ, typically ranging
from 100 nm to 1000 nm. The upper cut-off for the integration variable s is chosen as 106,
satisfying the condition s ≫ 104. Numerical results confirm that increasing the cut-off
beyond 106 does not lead to any significant change in the value of the integral, which
indicates that the chosen cut-off is sufficient for accurate evaluation.
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The second numerical integral is defined as:

Lss[λ] := πµ0 · NIntegrate

[ (
γ

B[γ,λ]
− B[γ,λ]

γ

)
M [γ](

γ
B[γ,λ]

+ B[γ,λ]
γ

)
+ 2 coth(B[γ, λ] · d)

,
{
γ, 0, 106

}
,

Method → "GlobalAdaptive",MinRecursion → 3,MaxRecursion → 6,

AccuracyGoal → 15

]
(6.2)

This numerical integration is based on equation (5.45), which involves no approxima-
tion. Therefore, it does not impose any inherent limitation on the range of validity for the
integral itself. However, the entire theoretical framework used to derive the inductance as
a function of the penetration depth is constructed under the assumption that the sample
remains in the superconducting state or close to the superconducting state. As a result,
the first numerical integral should be regarded as an effective inductance that is valid only
in the low-temperature regime where London penetration depth of the sample is around
30 nm to 1000 nm.

In both cases, the use of the "GlobalAdaptive" method allows the integrator to
dynamically allocate more sampling points in regions where the integrand changes rapidly.
The settings MinRecursion → 3, MaxRecursion → 15, and AccuracyGoal → 15 were
chosen to ensure both efficient calculation and precision requirement.

The resulting inductance values were plotted over a range of λ values (As shown in
Figure 6.1). For the first integral Ls[λ], the range was taken as λ ∈ [240 nm, 80 nm], while
for the second integral Lss[λ], a broader range λ ∈ [1mm, 80 nm] was used to see behavior
at lager λ of this integral. Although the physical applicability of the second integral Lss

may be quite limited, it can still provide insight into the effective range of validity of
the overall integral. From Figure 6.1 we can see that the inductance increases linearly as
penetration depth increases, while the inductance becomes non-linear at a large region of
temperature shown in Figure 6.2.

In the case of the spiral coil, an axis-symmetric approximation model has been applied.
Similar to the pancake coil case, two numerical integrals have been evaluated, with the
exact same definitions as in equations (5.67) and (5.69), except for the definition of M [s],
which differs. To examine the convergence of both integrals, we plotM [s] for the pancake
coil and the spiral coil, respectively.

In the case of the pancake coil, M [s] exhibits a sharp initial rise (as shown in Figure
6.3), which reaches the maximum value around s ≈ 5000m−1. Beyond the peak, the func-
tion gradually decays and displays damped oscillation behavior. As s increases further,
M [s] asymptotically approaches zero, indicating that the integral converges at around
s = 2× 105m−1.

While in the spiral coil case, M [s] exhibits a series of oscillations with increasing
amplitude (as shown in Figure 6.4), leading to a dominant peak around s ≈ 9500m−1.
The diameter of the spiral coil is approximately 2mm, and the midpoint of the radius is
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Figure 6.1: The Inductance of the pan-
cake coil as a function of λ in the low
temperature region. The plot corre-
sponds to the numerical result of equa-
tion (6.1), which is valid only for λ <
1000 nm.
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Figure 6.2: Inductance of the pancake
coil as a function of the London pene-
tration depth λ over a wider range of λ.
The plot corresponds to the numerical
result of equation (6.2), which remains
effective when λ is large.
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Figure 6.3: Plot of M[s] as a function of s for pancake coil, detailed geometric information
are given in the figure.
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Figure 6.4: Plot of M[s] as a function of s for spiral coil, detailed geometric information
are given in the figure.

around 1mm. This corresponds to the region where the dominant peak appears in the
plot, as expected. Following the peak, the function decays rapidly and displays similar
damped oscillation behavior. As s increases further,M [s] asymptotically approaches zero,
indicating that the integral converges at around s = 1.6× 105m−1.

Although the behavior of M [s] as a function of s differs significantly between the
pancake coil and the spiral coil, the resulting inductance integrals show similar trends in
both case, as shown in Figure 6.1 and Figure 6.5. It is worth noting that the magnitude
of the inductance integrals differs significantly between the two cases. This is because
the approximation model for the spiral coil contains significantly fewer current loops than
that of the pancake coil, and the inductance integral is proportional to the integration
range when the vector potential and the integration direction are the same.
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Figure 6.5: The inductance of the spiral
coil as a function of λ in the low tempera-
ture region
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Figure 6.6: The inductance of the spiral
coil as a function of λ in the full tempera-
ture region

6.3.2 Resonant Frequency

As inspired by the previous research [17], we assumed that the resonant frequency is
given by the following equation :

f(T ) =
1

2π

√
1

L(T )C
−
[
R(T )

L(T )

]2
(6.3)
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This equation corresponds to the equivalent circuit shown in Figure 6.7. Note that in
our measurement, we will not use the resonant circuit in Figure 6.7. The purpose of use
equation (6.3) here is just to test the behavior of resonant frequency.

L R0

C =10 nF

Figure 6.7: Equivalent Resonant Circuit

In the following discussion, we apply equation (6.3) to the pancake coil model. We
want to verify that the resulting resonant frequency is on the order of MHz and that
its variation is sufficiently large to be detected experimentally. In the case of the spiral
coil model, we will instead use equation defined in chapter 8, which corresponds to the
resonant circuit being used in this study.

In the case of the pancake coil, the parameters in equation (6.3) must be carefully
chosen to keep the resonant frequency of the circuit within the range of 2–4MHz. As
a successful example, when R = 0.2Ω and L0 = 7.8 × 10−6H, the resulting resonant
frequency is approximately 3.85MHz, as shown in Figure (6.8). Figure (6.8) shows the
resonant frequency as a function of the penetration depth λ. The result demonstrates
a clear linear decrease in frequency with increasing λ. The above result agrees with the
expected range of resonant frequency from Gauzzi’s paper [17].

On the other hand, the change in the resonant frequency ∆f is also of great importance
from an experimental perspective. ∆f can be calculated as the difference between the
integral result of f with the sample and the value of f without the sample, where the
latter is a constant determined by L0. The results are plotted over a broad range of λ and
within a narrower effective range corresponding to the low-temperature region, as shown
in Figure 6.9 and Figure 6.10, respectively. Similarly, we can plot the inductance of spiral
coil by using this method. The resonant frequency of spiral coil is not plotted here is
because the equivalent circuit is different in the case of spiral which will be explained in
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The resonant frequency as a Function of penetartion depth λ
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Figure 6.8: The resonant frequency of the circuit using pancake coil as a function of
penetration depth λ
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chapter 8.
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Figure 6.9: The change of resonant
frequency as a function of penetration
depth λ in all region
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Figure 6.10: The change of resonant
frequency as a function of penetration
depth λ in low temperature region

6.3.3 Magnetic Vector Potential

While the numerical value of the vector potential may not be directly measured in
experiments since we are only interested in the change of resonant frequency, it plays an
important role in comparing the theoretical model with simulation results. In the axial-
symmetric case, this comparison is straightforward because the only nonzero component
of the vector potential is the θ-component in cylindrical coordinates. Theoretically, the θ-
component can be computed via numerical integration, as defined by equations (5.26) and
(5.54). In this study, only the numerical result of equation (5.54) was calculated. This
is because, first, the geometry setup for the approximated spiral coil model in FEMM
is relatively simple, as will be explained in the next section; and second, the approxi-
mated spiral coil model is more relevant from our experimental perspective and remains
a theoretically unverified model.

First, we calculated the vector potential along an arbitrary straight line at the vicinity
of a spiral coil. This line must not get to close to the spiral coil as it will cause the
divergence problem in theoretical model. And also not too far away because the vector
potential becomes too small at there therefore lost the meaning of comparison. One of
the proper choice is the line parallel to z axis, located at r = 30µm in the cylindrical
coordinate, and one can omit the polar angel because the potential is axial-symmetrical.
The result of the vector potential calculated base on theoretical model is shown in Figure
6.11. As seen in the plot, the magnitude of magnetic vector potential A initially increases
as z approaches the coil from top, reaching a maximum at around z = −50µm, and then
decreases. The coil is positioned at z = −48.5 µm, and the point (30 µm,−48.5 µm)
corresponds to the location closest to the coil. As a result, the maximum of the vector
potential appears at this point in the figure.

Secondly, we make the numerical integral of vector potential as a function of λ. Figure
6.12 shows the magnetic vector potential in a range of penetration depths, including
λ = 9 × 10−4 m, 9 × 10−5 m, 9 × 10−6 m, and 9 × 10−7 m, corresponding to different
temperature conditions. It should be noted that the entire theoretical framework is only
valid in the low-temperature regime, specifically in the region of very small penetration
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Figure 6.11: The magnitude of the magnetic vector potential of the spiral coil calculated
by the axis-symmetric theoretical model plotted along the line parallel to z axis, ranging
from (30µm,0) to (30µm,−300µm), where r and z represent the radial length r and height
z in cylindrical coordinate respectively.

depths, typically around 100 nm to 1000 nm. The above range of variation is quite larger
than the effective region, this is because our primary intention here is to test the effect
of varying penetration depth on the magnetic penetration behavior. To make the effect
more obvious, a large range of variation of penetration depth was tested. In reality, a
superconductor exhibits such variation only within a specific temperature range. Namely,
between the 0K and critical temperature, where the material remains in the mixed state
and the penetration depth depends sensitively on temperature.
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(a) λ = 9× 10−4m (b) λ = 9× 10−5m

(c) λ = 9× 10−6m (d) λ = 9× 10−7m

Figure 6.12: Magnetic vector potential calculated in Mathematica for different effective
London penetration depths λ of the superconducting block.
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Chapter 7

Magnetic Field Simulation

7.1 FEMM Simulation

7.1.1 Introduction

The Finite Element Method Magnetics(FEMM) is a two dimensional simulation tool
specifically designed for solving electromagnetic problems [37]. FEMM operates by dis-
cretizing the geometry into finite elements and solving Maxwell’s equations numerically
using the magnetic vector potential formulation.

FEMM consists of three main components: a graphical user interface for geometry
construction and boundary condition definition, a mesh generator for spatial discretiza-
tion, and a solver that computes field quantities such as the magnetic vector potential
and the magnetic flux density.

It is important to note that FEMM is limited to two-dimensional simulations, and
its applicability is confined to systems that are either planar or 3d problems possessing
axial symmetry. This constraint implies that FEMM cannot simulate general three di-
mensional current distributions or asymmetric configurations. However, for some of the
axis-symmetric coils considered in this work, FEMM provides an efficient and reliable way
of evaluating the magnetic vector potential distribution.

Since FEMM is a Windows-based application and does not have any version for ma-
cOS, the simulation was performed on a Mac computer using virtualization software. In
this work, VMware Fusion was used to run a Windows 11 virtual machine on macOS,
which enables the installation and execution of FEMM at a macOS laptop.

7.1.2 Geometry and Material Properties Setup

Since we want to simulate the axis-symmetric coil, the problem type was set to
Axis-symmetric. The length unit was chosen as Millimeters, and the operating fre-
quency was defined as 4MHz, consistent with the experimental setup. A depth value of
1 was used, which in axis-symmetric mode acts as a normalization factor rather than a
physical thickness.

The mesh quality was controlled by setting the solver precision to 1 × 10−8. A min-
imum angle of 30◦ was chosen to enhance the quality of mesh elements, and the Smart

Mesh option was enabled to allow FEMM to automatically refine the mesh based on geo-
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metric features. The AC magnetic solver was set to Successive Approximation, which
is appropriate for weakly nonlinear materials.

In the FEMM simulation, the 3-d axis-symmetric geometry was defined in a 2D cross-
sectional plane. The coil was modeled with a rectangular cross-section of 75µm× 37µm,
placed at a height of h = 40µm below the x-y plane. The geometry includes six coil turns,
evenly spaced at 150µm intervals to approximate an Archimedean spiral shape coil.

The coil wire was modeled as copper with a gauge of 18 AWG. The relative permeabil-
ity was assigned as µr = 1, which assumes that the wire is non-magnetic material. The
electrical conductivity was set to σ = 58 MS/m, corresponding to the typical value for
high-purity copper. The currents in adjacent cross-sections flow in opposite directions, as
required by the geometry of the spiral coil.

The superconducting sample used in the simulation was modeled as a rectangular
block located above the spiral coil, centered along the z axis. The surface of sample
towards the coil cross-section was placed at z=0 plane(as shown in Figure 7.2).

In the FEMM model, the material properties of Nb3Sn were approximated based on
its superconducting behavior under the operating frequency of 4MHz. Since FEMM
does not directly support superconducting materials, the superconductor was represented
as a linear material with extremely high electrical conductivity and near-unity relative
permeability. Specifically, the relative permeability was set to µr = 1, assuming that the
material does not exhibit magnetic enhancement, and the electrical conductivity was set to
σ = 1× 108 S/m to approximate the zero-resistance condition typical of superconductors.

These parameters ensure that the induced current distribution in the Nb3Sn film
accurately reflects its shielding behavior, allowing the simulation to capture the correct
magnetic field perturbation at the vicinity of the coil.

The simulation domain was extended sufficiently far from the coil to avoid boundary-
induced field distortion. To emulate an open boundary condition in the two dimensional
FEMM simulation, the outer semicircular region was divided into multiple annular blocks
(u1 to u7), each assigned a distinct relative permeability(as shown in Figure 7.1). The
permeability was carefully chosen to alternate between high and low values (e.g., µr =
0.033 to µr = 429), forming an artificial absorbing boundary. This graded magnetic
shell functions analogously to a perfectly matched layer, which makes magnetic flux to
gradually decay without artificial reflection at the boundary.

7.1.3 Magnetic Flux Simulation

The simulation was first performed with the superconducting sample in its supercon-
ducting state, modeled with a conductivity of σ = 1 × 108 S/m. In this simulation, the
relative permeability was naively set to µr = 1. However, in reality, a superconductor in
the superconducting state exhibits perfect diamagnetism, and the ideal value should be
µr = 0 except within the thin surface region at the order of the penetration depth. De-
spite this naive assumption, the simulation results remained consistent with expectations.
When σ = 1 × 108 S/m, the sample exhibited a nearly perfect Meissner effect, with the
magnetic flux inside the superconducting block being almost entirely expelled(as shown
in Figure 7.3).

In order to compare the above result with theoretical model, the result of the magnetic
flux along the line located at center of the coil was extracted. The exact location of data
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Figure 7.1: Overall geometry defined on the 2D cross section.

Figure 7.2: Locally magnified view of the coil cross section.
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Figure 7.3: The simulation result with wire cross-section 75µm × 37µm, where conduc-
tivity of the sample is set as σ = 1 ∗ 108S/m.

extraction line was placed at 30µm off the z-axis, perpendicular to the surface of the
sample, i.e. the x-y plane. The extracted data includes the real part, imaginary part,
and magnitude of the magnetic flux in units of Weber(Wb). As shown in Figure 7.4,
the magnetic flux reaches a maximum when it has the same z axis value with the center
of the coil cross-section(z = −58.5µm), and decreases as it get far away from the coils.
The real component dominates, while the imaginary component remains relatively small,
indicating that the system is primarily inductive. This observation agrees with conclusion
from the two-fluid model of superconductor.

Figure 7.4: The simulation result of magnetic flux density distribution on the z-axis with
wire cross-section 75µm × 37µm, conductivity of the sample σ = 1 ∗ 108S/m. The
horizontal axis represents the position along the cut-line in millimeters.

Another simulation was conducted to evaluate the effect of the wire cross-sectional size
on the simulation results using a point cross-section approximation. This was achieved
by reducing the cross-sectional area of the wire by a factor of 100 (As shown in Figure
7.5). The results show that the peak of the magnetic flux curve becomes less sharp when
the cross-section is reduced(As shown in Figure 7.6). This result will later be used for
comparison with the theoretical predictions of magnetic flux. It is expected that a smaller
cross-sectional size leads to better agreement with the theoretical results calculated in
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chapter 5.

Figure 7.5: The simulation result of magnetic flux density distribution on x-y plane with
wire cross-section 7.5µm× 3.7µm, conductivity of the sample σ = 1 ∗ 108S/m.

Figure 7.6: The simulation result of the magnetic flux along the line located r = 30µm,
perpendicular to the sample surface, with wire cross-section 7.5µm× 3.7µm and conduc-
tivity of the sample σ = 1 ∗ 108S/m.

Next, to investigate the effect of temperature, the penetration depth λ was varied
by adjusting the electrical conductivity from 1 × 108 S/m to 1 × 102 S/m. While the
range of conductivity used here is much larger than what would be expected in real
physical systems, this setup serves as a toy model intended to clearly demonstrate the
phenomenology of magnetic field penetration into a superconductor.

As shown in figure 7.6, when the sample is in superconducting state with high con-
ductivity, the magnetic flux density starts from zero at r = 0, indicating perfect shielding
consistent with the Meissner effect. However, as the conductivity decreases and the ef-
fective penetration depth increases, magnetic fields begin to penetrate the surface of the
superconductor(See figure 7.7). This results in a nonzero initial value of flux density at
the surface of the sample, which indicates that the magnetic field is no longer completely
excluded at the surface of the sample block.

These results confirmed the qualitative behavior expected from superconducting phe-
nomenology and provided valuable simulation results for comparison with both theoretical
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Figure 7.7: The simulation result of the magnetic flux along the line located r = 30µm,
perpendicular to the sample surface, with wire cross-section 7.5µm× 3.7µm and conduc-
tivity of the sample σ = 1 ∗ 102S/m.

models and experimental data.

7.1.4 Comparison with Axial-Symmetrical Model

In this section, the theoretical values of the magnetic vector potential obtained from
the approximation model of the spiral coil are compared with the results of the FEMM
simulation. The data extraction was performed along a line from z = −300µm to z = 0µm
located at r = 30µm in polar coordinates, perpendicular to the r − θ plane, where the
value 30µm was chosen arbitrarily. Since the approximation model yields a magnetic
vector potential that is uniform in the θ-direction, it is not necessary to specify the value
of θ when extracting the data.

The geometric setup in the FEMM simulation is the same as that described in the
previous section, which means that the approximated coil model, rather than the ac-
tual spiral coil, is being simulated. Nevertheless, it is still meaningful to compare the
simulation results with the theoretical expressions in this case, as this serves to validate
the correctness of the theoretical model developed in chapter 5, which will lead to the
parametrized inductance formula that we used in experiment. It is important to note that
the ultimate quantity of experimental interest is the inductance of the coil or the resonant
frequency of the circuit, not the magnetic vector potential. For the comparison between
theoretical and simulation results, FEMM can directly output the magnetic vector po-
tential or magnetic flux, making it more convenient to perform the comparison using the
magnetic vector potential.

Theoretically, the magnetic vector potential is given by:

Aθ(r, z) =
µ0I

2

∫ ∞

0

sJν(sr)

(
M−1∑
m=0

(−1)mrmJ1(srm)
1

s
e−s|z+h| + C1(s)e

sz

)
ds (7.1.4.1)

where C1(s) is defined in equation (5.37). The above expression represents the magnetic
vector potential in the region z < 0. In the FEMM simulation, the magnetic flux density
is obtained along a specified data extraction line. To perform the comparison between
simulation and theory, we must calculate the magnetic flux predicted by the theoretical
model.
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Figure 7.8: Comparison between the approximation model of the spiral coil calculated in
Chapter 5 and the FEMM simulation result, where the unit of the horizontal axis is mm.

The magnetic flux penetrating some area is given as the integral of the vector potential
along the boundary of that area. The spiral coil approximation model possesses an axis-
symmetric distribution of the magnetic vector potential, the magnetic flux through a
circular path can be computed using the formula Φ = A · 2πR, where R = 3 × 10−4 m.
The the magnetic flux is given by:

Φ(r, z) = πRµ0I

∫ ∞

0

sJν(sr)

(
M−1∑
m=0

(−1)mrmJ1(srm)
1

s
e−s|z+h| + C1(s)e

sz

)
ds (7.1.4.2)

The comparison for the theoretical model with FEMM simulation result is shown in Figure
7.8.

7.2 COMSOL Simulation

7.2.1 Introduction

This research uses COMSOL Multiphysics version 6.2 to run the simulation [35].
COMSOL Multiphysics is a powerful finite element analysis software designed to sim-
ulate physical phenomena in a wide range of engineering and scientific research. It offers
a flexible platform for modeling complex physical systems involving electromagnetism,
heat transfer, structural mechanics, fluid dynamics, and more.

The key advantage of COMSOL compared with FEMM is its ability to treat three-
dimensional geometries using arbitrarily parameterized curves, making it particularly well-
suited for simulating axis-asymmetric coil structures such as spiral coils. Furthermore,
the Meissner effect can be effectively simulated by the cancellation of the magnetic field
inside the superconductor due to mirror currents induced at the surface or by defining a
region in which the magnetic field is excluded.
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Table 7.1: List of Parameters Used in COMSOL

Parameter Expression Value Unit

f 18× 106 1.8× 107 Hz
µ0 4π × 10−7 1.2566× 10−6 H/m
ω 2πf 2.5133× 107 rad/s

σim
1

ωµ0λ2
3.909× 1012 S/m

h0 −40− c

2
−58.5 µm

c 37 37 µm
d 75 75 µm
a 0 0 µm
b 100 100 µm
λ 90× 10−9 9× 10−8 m

7.2.2 Parameters Setting

Table 7.1 summarizes all the parameters defined in the COMSOL simulation of this
research. These parameters include physical constants such as the permeability of free
space µ0, operating resonant frequency f , and the resulting angular frequency ω. a, b,
c,d are parameters used for geometry construction which will be explained in the next
section. Particularly, an imaginary conductivity σim was defined by the following formula:

σim =
1

ωµ0λ2
(7.1)

This definition could produce Messiner effect in COMSOL as shown in Figure 7.9.
But this formula fails to predict the variation of inductance of the coil, as it gives the
inverse trend of inductance as penetration depth increase, which is against the theoretical
prediction(see Figure 7.10 and Figure 7.11). The solution to this problem is to change
the way the Meissner effect is produced. Instead of defining a purely imaginary conduc-
tivity, the superconductor can be treated as a region completely impervious to magnetic
fields. The variation of the penetration depth is then realized by gradually moving the
superconducting region away from the coil, where the distance of separation representing
the change in penetration depth.

7.2.3 Geometry Construction

The geometry of the inductance experiment with a spiral coil was constructed using
a combination of simple geometries prepared inside COMSOL, parametric curves, and
work planes. As shown in Figure 7.12, the core structure consists of several rectangular
blocks that define the simulation domain, where the magnetic field will vanish at those
boundary. Parametric curves (pc1, pc2) were used to define the spiral coil trajectory,
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Figure 7.9: The magnetic flux distribution on the y-z plane(the coil was located at x-
y plane). The electrical response of the sample gives a perfect Messier effect by using
equation(7.1), where the red region represents the highest magnetic flux density.
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Figure 7.10: Simulation result of the in-
ductance of spiral coil at different pene-
tration depths from COMSOL
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Figure 7.11: Theoretical value of induc-
tance of spiral coil predicted by the ap-
proximation model in section 5.3.

where the following parameterizations are used for spiral 1 and spiral 2:

x = (a+ bt) cos
(
t+

π

2

)
y = (a+ bt) sin

(
t+

π

2

)

x = (a+ bt) cos

(
t+

3π

2

)
y = (a+ bt) sin

(
t+

3π

2

)
where a and b are two parameters listed in the previous section as the initial length and
distance between adjacent loop of the spiral coil. By defining π

2
and 3π

2
inside the sin

function, the spiral coil can spiral in and out as shown in Figure 7.13
The rectangular cross-section of the spiral coil was defined on two work planes, and

the size of cross-section is determined by parameters c and d as the length and width
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Figure 7.12: The solution boundary defined in the COMSOL. Since the spiral coil has
rectangular cross-section, it is better to define the rectangular boundary.

Figure 7.13: The geometry construction of spiral coil in COMSOL.

70



of the rectangular. The cross-section was swept along defined spiral curve (pc1, pc2)
to generate three-dimensional spiral coil structures, and further extended outside the
simulation domain using the extrude function (ext1, ext2). After all features were
generated, the geometry fixing function has been used to remove unnecessary details
caused by the swept function, which can optimize the meshing and reduce the simulation
time significantly.

This detailed geometry setting ensures that both the spiral coil and the supercon-
ducting sample domain are modeled with high precision, which will give us the accurate
prediction of the experimental value.

7.2.4 Material and Magnetic Field Setting

In this simulation, three different materials were defined: Air, Copper, and Nb3Sn,
each assigned to their corresponding geometric domains. The spiral coil was made using
copper due to its high conductivity, while the rectangular block underneath the coil was
assigned Nb3Sn, and the material property of Nb3Sn was assigned with default value
inside COMSOL. The surrounding domain was set as air, which allows the magnetic field
to propagate freely outside the superconductor.

Different physical laws are applied in each region to calculate the magnetic field, which
can be achieve by using Magnetic Fields (mf) interface. In the air region, the magnetic
field is calculated using Ampère’s law in fluids. Inside the coil, the magnetic field is com-
puted using the built-in coil feature, where the Coil feature in the Magnetic Fields (mf)
interface is used to model the magnetic field produced by a coil without explicitly meshing
the wire geometry. More importantly, to simulate the Meissner effect, the superconduc-
tor is modeled as a magnetic insulator. This setting is based on the consideration that
the magnetic field is sufficiently low in our experiment and superconducting sample is at
Messiner state, so the magnetic field can be treated as zero inside the superconductor
block. However, the real physics behind it might not be described in a very accurate way
since the magnetic field decays gradually in real physical world (followed by London’s
equations).

Table 7.2: Material and the corresponding magnetic field option in COMSOL

Geometry Name Material Type Magnetic Field

Spiral Coil Copper Terminal current
Superconducting Plate Nb3Sn Magnetic insulation
Surrounding Domain Air Ampère’s law in fluids

7.2.5 Magnetic Vector Potential Simulation Result

To calculate the inductance of the spiral coil in the presence of a superconductor
placed above it, it is necessary to obtain the distribution of the magnetic vector potential
along the two spiral curves. Therefore, a finite element simulation was performed using
COMSOL Multiphysics. Figure 7.14 presents the simulation result of the magnetic vector
potential A⃗ along the two spiral curves. The red and dark blue curves extend over a
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Figure 7.14: Simulation result of the x, y, and z components of magnetic vector potential
along two spiral curves in Cartesian coordinate. 6 colors are used here to denote them. The
horizontal axis represents the arc length along the spiral path, while the vertical axis shows
the magnitude of the magnetic vector potential. The red and dark blue curves represent
the x- and y-components of the magnetic vector potential along Spiral 1, respectively,
while the green and light blue curves correspond to the x- and y-components along Spiral
2. The gray and yellow curves in the middle of the plot represent the z-component of the
magnetic vector potential along Spiral 1 and Spiral 2, respectively.

longer range in horizontal axis than the green and light blue curves because Spiral 1 is
longer than Spiral 2.

The Ax and Ay components exhibit oscillatory behavior with increasing period, which
corresponds to the increasing radius of the spiral coil. In contrast, the Az component does
not display a clear periodic structure, as the current flow in the z-direction is negligible
and spatially random. Furthermore, the magnitude of the Az component is over two
orders of magnitude smaller than that of Ax and Ay, and can therefore be neglected when
computing the line integral of the magnetic vector potential along the spiral path.

This numerical result is used as a reference to validate the analytical expression of
A(r, z) derived in the section 5.4. A detailed comparison will be presented in the next
subsection, where the analytical results are plotted alongside the simulation output.

7.2.6 Comparison with Axis-Asymmetric Model

To validate the axial-asymmetrical theoretical model derived in Section 5.4, the sim-
ulation results of the magnetic vector potential were compared with the corresponding
numerical calculations. In the simulation, the superconducting block was removed, since
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Figure 7.15: Magnetic flux distribution around the spiral coil simulated in COMSOL.

the theoretical model of section 5.4 does not account for boundary conditions induced
by the Meissner effect. The comparison was carried out on the x–y plane located at
z = −1058.5µm, which is sufficiently far from the spiral coil to avoid divergence issues in
the numerical integration.

Figure 7.16 presents the comparison between the θ-component of the magnetic vector
potential Aθ along the spiral coil, obtained from both the theoretical model and the
COMSOL simulation. It can be seen that the simulation result agrees with the theoretical
prediction to a certain extent, though some discrepancies are present. These discrepancies
may be caused by the cross-sectional size of the spiral coil, as the theoretical model treats
the wire cross-section as a point.

On the other hand, Figure 7.17 shows the comparison for the r-component of the
magnetic vector potential Ar along the spiral coil, where a significant deviation between
the theoretical and simulated values is observed. This discrepancy may be attributed to
the presence of a z-component of the magnetic vector potential, as shown in Figure 7.18.
Figure 7.18 illustrates the x, y, and z components of the magnetic vector potential on
the x–y plane at z = −1058.5µm. In regions far from the coil, the z-component exhibits
a comparable magnitude to the x and y components, which contradicts the theoretical
model. In the theoretical formulation, the z-component of the vector potential is strictly
zero, as the source current contains no z-component.

On the other hand, slight deviations in the region far away from the interface between
the superconductor and coil are expected. Because the mesh densities go down signifi-
cantly at the region far away from the spiral coil. Our data extraction line was located as
close as possible to the region of spiral coil to make sure that the theoretical value does
not diverges while maintain the enough mesh density.

Despite these differences, the periodic behavior and overall trend of the θ component
of magnetic vector potential distribution are consistent between the simulation result and
theoretical result as shown in Figure 7.16.
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Figure 7.16: Comparison of Aθ between theoretical and COMSOL results.
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Figure 7.17: Comparison of Ar between theoretical and COMSOL results.

Figure 7.18: The value of x, y, and z component of magnetic vector potential along the
spiral curve located at z=-1058.5µm x-y plane, where the green curve, blue curve, and
deep blue curve represent the x component, y component, and z component, respectively.
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Chapter 8

London Penetration Depth
Measurement

In this chapter, measurements were performed both at room temperature and at cryo-
genic temperature. The measurement object is the resonant frequency of two resonant
circuits, where a spiral coil is implemented on each of them. In both cases, the resonant
frequency is recorded using a network analyzer, while the temperature during cryogenic
measurement is monitored by a temperature sensor.

The room temperature measurement serves to verify the presence of resonance, de-
termine its frequency, and evaluate the quality factor of the circuit. From the measured
S11 parameters and resonant frequency of the circuit, one can calculate the characteristic
parameters of the resonant circuit such as effective resistance and inductance of the coil.

Cryogenic temperature measurements were carried out inside a cryostat, where liquid
helium was used to cool the environment around samples down to 4K. The spiral coil
boards were installed on a plane within the cryostat, positioned approximately 40µm
above the surface of the niobium samples. As the temperature changes, the penetration
depth of the niobium samples varies, leading to a corresponding change in the inductance
of the spiral coil, which is captured by the network analyzer. The raw resonant frequency
data exhibits a sudden drop at around 9.3K, which is identified as the critical temper-
ature of the niobium samples. For each sample, the raw frequency data were converted
into London penetration depth at different temperatures by using the inversion formula
developed in Chapter 5.

8.1 Measurement at Room Temperature

8.1.1 Objective of the Measurement

The purpose of performing resonance measurements at room temperature is to de-
termine the characteristic parameters of the resonant circuit. Specifically, the resonant
frequency, the equivalent resistance R0 and inductance L of the coil at room temperature
will be determined (see Figure 8.3). The measurement is performed using an E5071C net-
work analyzer, which operates over a frequency range of 300 kHz to 20GHz. By analyzing
the reflection coefficient S11 as a function of frequency, the resonant frequency f0 can be
identified as the point where S11 exhibits a sharp minimum. From the measured values of
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Figure 8.1: Resonant circuit composed of a spiral coil and ceramic capacitors. The spiral
coil is located on the opposite side of the board. A photograph of the spiral coil is
presented in Figure 8.2.

S11 at resonance, one can extract the resistance using the standard impedance-reflection
coefficient relation. The room temperature measurement serves as a baseline reference
for further research on temperature-dependent behavior of the resonant circuit at the low
temperature region.

8.1.2 Experimental Setup and Methodology

The resonant circuit used in this study consists of a spiral coil and two ceramic capaci-
tors. The PCB for the coil was provided by Dr. Iwashita, who kindly donated a PCB that
had been used in previous verification experiments. The capacitors used in this study
is Murata GRM2195C1H103JA01D. Murata GRM2195C1H103JA01D is a reliable multi-
layer ceramic capacitor designed for surface-mount applications. It is known for precision
and stability, which makes it suitable for constructing various high-frequency resonant
circuits. The two capacitors were installed into the circuit by using soldering. Figure 8.1
shows a photograph of the connection area where the two capacitors are installed.

The spiral coil used in this study is formed by shifting semicircles with equal radius
increments in a series. The shape of the spiral coil is approximated by the parametric
equation r = a + bθ, where a represents the initial radius of the spiral and b represents
the radius increase per turn. In this study, a is approximately zero, and b is chosen to be
around 100µm, resulting in an overall coil diameter of about 2mm. The design values for
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Figure 8.2: Photograph of the fabricated spiral coil on the PCB

the cross-sectional dimensions of the wire are 75µm × 37µm, which are consistent with
the values used in the simulation section of this thesis.

The resonant circuit described above can be characterized by an equivalent circuit,
which is shown in Figure 8.3.

L R0
Cr=10 nF

Cs=10 nF

Figure 8.3: Equivalent Resonant Circuit

In the equivalent circuit, the series branch consists of an inductance L of the spiral
coil and a resistance R0 which accounts for the ohmic losses in the conductor. Two
capacitors Cr and Cs have known capacitance 10nF as indicated in Figure 8.3 . The
main target of the measurement at room temperature is to measure L and R0 in the
equivalent circuit, which can be achieved by using a network analyzer. A typical network
analyzer, such as the Keysight E5071C used in this study, is equipped with two ports.
Port.1 functions as the signal source, generating and delivering a known RF signal to
the device under test (DUT). Port.2 is used to receive the signal transmitted through the
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Figure 8.4: S11 Parameter Measurement Using Agilent E5071C Network Analyzer for coil
1.

DUT. By measuring the reflected signal at Port.1 and the transmitted signal at Port.2, the
network analyzer can determine the S-parameters, such as S11 (the reflection coefficient)
and S21 (the transmission coefficient). Additionally, by changing the signal source to port
2, S22 can also be measured. In this study, since only the resonance frequency is required,
by connecting coils independently to Port 1 and Port 2 and measuring the reflection
coefficients of each, two coils can be measured in a single setup, allowing two samples
to be measured with a single cooling cycle. The measured quantities are the reflection
coefficients S11 for each. With the measured value of resonant frequency and reflection
coefficient S11 at resonant point, the L, R0 in the equivalent circuit can be uniquely
determined by solving two equations.

The first equation is the resonant frequency of the equivalent circuit, which is given
by the following expression :

f =
1

2
√
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 3

LC
− R2

0
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+

√(
R2

0

L2
− 3
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)2
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1/2

≈ 1√
2π

1√
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(8.1)

here, Cr is denoted as C. On the other hand, Cs is a coupling capacitor for the 50Ω
transmission line, which does not greatly affect the resonance frequency. The R0 here
represents the resistance of the spiral coil(as shown in Figure 8.3). Using the condition
R2

L2 ≪ 1
LC

, we can neglect the terms containing R0 in the resonant frequency, and the final
expression of resonant frequency is the same as a series RLC resonator.

The resonant frequency of the circuit can be identified from the S11 log magnitude
plot displayed on the network analyzer screen. The magnitude of S11 is minimized at
resonance, indicating better impedance matching and minimal power reflection.

In the displayed trace, the vertical axis corresponds to the logarithm magnitude of |S11|
in dB, and the horizontal axis corresponds to the frequency. The resonant frequency is
located at the point where this curve reaches its lowest value. As shown in Figure 8.4 and
Figure 8.5, the minimum of the yellow curve occurs at approximately 14.99984 MHz for
coil 1, and 15.179768 MHz for coil 2, which is thus identified as the resonant frequency.
The relation between the reflection coefficient and the characteristic impedance of the
circuit are given by:
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Figure 8.5: S11 Parameter Measurement Using Agilent E5071C Network Analyzer for coil
2.

S11 =
V −
1

V +
1

∣∣∣∣
V +
2 =0

= Γ(1)
∣∣
V +
2 =0

=
Z

(1)
in − Z0

Z
(1)
in + Z0

∣∣∣∣∣
Z0 on port 2

(8.1.2)

Here, S11 represents the reflection coefficient at port 1 of a two-port network analyzer.
The variables V +

1 and V −
1 denote the voltage of incident and reflected waves at port

1, respectively. The condition V +
2 = 0 implies that there is no incident signal at port

2, which is consistent with experimental setup. Under this condition, S11 is equivalent
to the input reflection coefficient denoted as Γ(1), which is determined by the ratio of
the difference and sum of the input impedance at port 1, Z

(1)
in , and the characteristic

impedance Z0 = 50Ω. This relationship allows one to directly relate measured scattering
parameters S11 to the input impedance Z

(1)
in , which is the impedance between two ports

of the equivalent resonant circuit shown in Figure 8.3. With the known value of resonant
frequency f and reflection coefficient S11, we can use equation (8.1) and equation (8.1.2)
to solve L, R0 numerically. The results are summarized in the following table.

Table 8.1: Summary on Measurement results at room temperature

Coil Measurement Result

Coil 1 Resonant frequency: f = 15.179768 MHz
Reflection coefficient: 20 log10 |S11| = −0.92 ± 0.01 dB
Equivalent resistance: R0 = 1.23 mΩ
Inductance: L = 22.5 nH

Coil 2 Resonant frequency: f = 14.999840 MHz
Reflection coefficient: 20 log10 |S11| = −0.95± 0.01 dB
Equivalent resistance: R0 = 1.16 mΩ
Inductance: L = 21.9 nH
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8.2 Measurement at Cryogenic Temperature

8.2.1 Overview of the Experiment

The primary objective of this experiment was to measure the temperature dependence
of the penetration depth of high-RRR Nb samples by monitoring changes in the resonance
frequency of spiral coils. For this purpose, a cryogenic temperature experimental appara-
tus constructed by Dr. Iwashita et al. at RCNP, Osaka University, was used.

Figure 8.6 shows the experimental assembly. The cylindrical metal structure is a cryo-
stat, a vacuum-insulated container that stores liquid helium to achieve cryogenic temper-
atures. Inside the chamber, a flat stage holding two spiral coils and two Nb samples was
installed (see Figure 8.8). The two superconducting samples are arranged symmetrically,
each with a spiral coil on top. Each coil PCB is pressed against the sample by a plate
spring. On the surface of each coil, a 20µm silk bump is placed on top of a 20µm in-
sulating solder resist layer, resulting in a total separation of 40µm between the coil and
the sample. A heater is located at the center of the stage to control the temperature, and
two temperature sensors are positioned near the samples.

Figure 8.6: Photograph of the assembled experimental apparatus at Osaka University.

To maintain the temperature inside the vacuum chamber at around 9 K, the measure-
ment stage installed in the cryostat was cooled using liquid helium. Before liquid helium
is injected into the bottom of the chamber, the air inside the chamber is first evacuated
using a vacuum pump. The internal pressure of the chamber can be read from a pressure
gauge (gauge pressure) located at the top of the flange. A zero reading on the pressure
gauge indicates that the chamber is at atmospheric pressure. A negative reading indi-
cates a pressure lower than the atmospheric pressure, while a positive reading indicates a
pressure higher than atmospheric pressure. If the pressure remains at approximately -0.1
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Figure 8.7: The whole inner structure including the baffles for thermal insulation.
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MPa for an extended period without significant fluctuations, the chamber is considered to
be in a vacuum state with no leaks. After the chamber has been evacuated, we disconnect
the vacuum pump and fill the chamber with helium gas through the supply line until it
reaches atmospheric pressure. This step is performed to ensure that no other gases remain
in the chamber, which maximizes the purity of the liquid helium to be recovered. Finally,
liquid helium is injected into the chamber. The amount of liquid helium injected can be
monitored using a liquid level meter. Liquid helium accumulates at the bottom of the
vacuum chamber. If the sample stage becomes submerged in the liquid, its temperature
will drop far below the critical temperature of niobium. Therefore, the liquid helium level
must be carefully controlled to remain below the sample stage and avoid direct contact.

Baffles are used for insulation (Figure 8.7). The structure is suspended vertically from
the upper flange and consists of multiple circular stages. Aluminized Mylar is used for
insulation. The sample stage is enclosed in an aluminum cylinder to ensure the uniform
temperature environment.

Figure 8.8: The sample stage inside the cryostat.

At the bottom, an additional heater is installed to purge liquid helium after measure-
ment. A metal tab connected to the sample stage extends downward (see Figure 8.9).
The lower end of this metal tab is immersed in the liquid helium bath and functions as a
heat conductor that transfers heat from the stage to the liquid helium bath.

During the measurement, the resonant circuit with a spiral coil is connected to a
network analyzer (Figure 8.10), which records the S11 and S22 scattering parameters in
the vicinity of resonant frequency to determine the resonance frequency shift caused by
the superconducting sample. At different temperature, all the data points from each trace
at network analyzer were saved, and the temperature can be read from the screen of the
temperature monitor (See figure 8.11).

In summary, this system enables stable and precise low-temperature measurements of
the electromagnetic response of superconducting samples, which allows for extraction of
the London penetration depth through analysis of the resonance frequency shift of the
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Figure 8.9: Heater and thermal tab connected to the sample stage.

Figure 8.10: Resonance Measurement with Agilent E5071C Network Analyzer at cryogenic
Temperature.
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Figure 8.11: Temperature Monitor.

circuit.

8.2.2 Samples Preparation

The superconducting samples used in this study were cut from a high-purity niobium
(Nb) plate. Each sample was labeled using a vibration pen for identification. After
cutting, the dimensions and weights of the samples were carefully measured(as shown in
Figure 8.12), and the result is shown in table 8.2.

Table 8.2: Information of Nb samples

Sample Thickness (mm) Length (mm) Width (mm) Mass m (g) Annealing
1 2.85 20.09 20.06 97.269 No
2 2.87 20.04 20.06 97.136 Yes

Surface treatment was carried out using the Buffered Chemical Polishing (BCP)
method. Following BCP method, the samples underwent a series of ultra-pure water
rinsing steps, including three sequential rinses and an additional ultrasonic rinse for 20
minutes.

Both Sample 1 (I) and Sample 2 (II) were prepared from high Residual Resistivity
Ratio (RRR) niobium and underwent Buffered Chemical Polishing (BCP) for 3 minutes.
The key difference lies in the additional heat treatment applied to Sample 2.

Sample 2 was subjected to an annealing process at 800◦C for 3 hours in a vacuum
environment. This annealing step aims to remove internal stresses and hydrogen contam-
ination from the niobium sample, which will improve its superconducting properties. In
contrast, Sample 1 did not undergo any annealing. The annealing process was monitored
with respect to both temperature and vacuum pressure, as seen in Figure 8.13.

8.2.3 Temperature Control

To control the temperature during the experiment, the following three methods were
applied:
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Thickness measurement of Sample 1 Thickness measurement of Sample 2

Weight measurement of Sample 1 Weight measurement of Sample 2

Figure 8.12: Thickness and weight measurements for Sample 1 and Sample 2. Both
samples are cut from high-RRR niobium plane.
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Figure 8.13: Temperature and vacuum pressure profile during the annealing process of
the niobium sample at 800◦C for 3 hours.

1. Raise the height of the sample stage inside the cryostat;

2. Apply voltage to the heater located at the center of the sample stage to generate
localized Joule heat;

3. Activate the purge heater to stir the gas layer with the cold gas generated by the
boiling of liquid helium, thereby lowering the temperature around the stage.

As for the first method, an important observation is that: at thermal equilibrium,
the temperature distribution inside the cryostat varies with the distance from the liq-
uid helium surface. The closer to the liquid helium surface, the lower the temperature.
Therefore, the temperature of the sample stage can be controlled by adjusting the dis-
tance between the sample stage and the liquid helium surface. The distance between the
sample stage and the liquid helium surface is adjusted by raising the stage axis. The
further the axis is pulled out from the cryostat, the further the coil surface moves away
from the liquid helium surface.

As the second method, this experiment uses a voltage controller to adjust the voltage
applied to a resistor located at the center of the sample stage. This resistor functions
as a heater. Increasing the applied voltage raises the temperature at the center of the
sample stage. During heating, it is important to note that the temperature at the center
may become significantly higher than that at the periphery. Therefore, after heating, it
is necessary to wait for a certain amount of time until the entire sample stage reaches
thermal equilibrium before reading the temperature data from the temperature monitor.

As for the third method, by activating the heater located at the bottom, the liquid
helium is vaporized into cold helium gas. The cold gas then drives the lower-temperature
helium gas from the bottom region upward into the warmer region near the top. As a
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result, the helium gas surrounding the sample stage is replaced by colder helium gas,
thereby lowering the temperature in the vicinity of the sample. One thing needs to
be noticed is that the thermal tab connecting to the sample stage is located around
the bottom heater. If this tab comes into contact with the heater, it may cause the
temperature of the sample stage to rise. Therefore, when adjusting the height of the
sample stage in method 1, one must take care to ensure that the bottom end of the tab
does not touch the purge heater, in order to prevent the tab from bending and coming
into contact with the heater.

8.2.4 Result of Resonant Frequency Shift

The raw data obtained from the NWA is the reflection coefficient as a function of
frequency. By fitting the data points near the minimum of the S11 curve with a quadratic
function, the resonant frequency was determined as the minimum of the fitted function.
In this study, a total of five data sets were measured. To examine whether differences
between the coils affect the results, one of these data sets was obtained after switching
the positions of the samples. The four data sets measured before switching the samples’
positions are shown in Figures 8.14 and 8.15, while one data set measured after switching
the coil positions is shown in Figure 8.16 and Figure 8.17.

Figure 8.14: 4 sets of data from trace 1
before switching the position.

Figure 8.15: 4 sets of data from trace 2
before switching the position.

Data # Sample # Measured by Coil 1 Sample # Measured by Coil 2
1 1 2
2 1 2
3 1 2
4 1 2
5 2 1

Table 8.3: The information of which sample was measured by which coil for all five data
sets.

Table 8.3 summarizes the information of which sample was measured by which coil
during all five measurements. The data from Trace 1 was obtained using Coil 1 to mea-
sure Sample 2, while the data from Trace 2 was obtained using Coil 2 to measure Sample
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Figure 8.16: 1 set of data from trace 1 after
switching the position of the sample.

Figure 8.17: 1 set of data from trace 2 after
switching the position of the sample.

1. Data points in different colors represent data sets measured at different times. These
four data sets were collected at different times, so there are some variations among them.
As can be seen, among the four data sets in Figure 8.14, two of them show a significant
discrepancy compared to the other two. The cause of this significant discrepancy is poten-
tially caused by the variation of the distance between the sample and the coil board. This
large discrepancy results in a significant uncertainty in the absolute value of the London
penetration depth. It is possible to calibrate the absolute value of the London penetra-
tion depth calculated from the resonance frequency change by measuring superconducting
samples with known London penetration depth. However, such samples were not avail-
able for this measurement. Instead, we used an assumption to achieve such calibration
that the resonant frequency corresponding to a penetration depth of 100nm calculated
from theoretical formula equals the experimental measured resonant frequency at around
8.9K. The reason for choosing 8.9K is that, according to the empirical formula (8.3), the
penetration depth of the Nb sample reaches approximately 100nm at this temperature.
However, the empirical formula requires an initial assumption of the critical temperature
and the London penetration depth at T = 0 of the Nb sample. Therefore, this calibra-
tion will cause systematic error in the final result. Nonetheless, the main source of the
systematic error comes from the variation of the distance between the coil board and
the sample, and the error caused by this assumption is relative small compared with the
error caused by the variation of distance(see Table 8.5). The critical temperature of the
superconducting sample can be identified as the point at which the resonant frequency
suddenly drops.

One data set measured after exchanging the positions of the samples is present in this
thesis(Figure 8.16 and Figure 8.17). The purpose of measuring the resonant frequency
after we exchange the positions of the samples is that we want to evaluate the impact
of differences in coils on the result of the measurement. However, during this measure-
ment, the temperature varies rapidly, which leads to a substantial error in the recorded
temperature value(Table 8.3).
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8.2.5 London Penetration Depth Temperature Dependence

One of the most important outcomes of this study is the trial measurement of the
penetration depth λ(T ) at different temperatures T . This is achieved by transforming the
raw frequency data using the inversion formula developed in Chapter 5. In this thesis,
we used the effective inductance formula for a planar spiral coil, given by the following
equation:

L = a · L0 − c · πµ0

∫ ∞

0

{
e−sh

∑M−1
m=0 (−1)mJ1(srm)× rm

}2

1 + 2sλ coth
(
d
λ

) ds (8.2)

The relationship between the inductance of the coil and the resonant frequency can
be found in equation (8.1.1). The term a · L0 in equation (8.1) will be fitted using
COMSOL simulation data and later calibrated with the experimental data in section
8.1. The second term in equation (8.1) represents the change in inductance due to the
variation in penetration depth, which will cause the resonant frequency shift. Therefore,
we can get the change of resonant frequency as a function of London penetration depth
of the sample. From the raw data of resonant frequency shown in previous section,
we can read the corresponding temperature and London penetration depth at the same
resonant frequency. The result of London penetration depth at different temperatures
were presented in Figure 8.18 and Figure 8.19.

Figure 8.18: London Penetration depth of Sample 2 as functions of temperature.

In Figure 8.18 and Figure 8.19, five data sets measured from sample 2 and sample 1
were plotted respectively. The data points labeled as ExchangeSample2 represent mea-
surements of the same sample using a different coil, which is denoted by the red color.
From these data, we observe that the results for Sample 2 obtained with different coils
show a significant deviation near the critical temperature, indicating that the character-
istics of the coil may substantially affect the measurement results. A similar conclusion
can be drawn from Figure 8.19, where the data points labeled as ExchangeSample1 also
deviate notably from the other four data sets of Sample 1. On the other hand, data points
measured using the same coil but from different samples exhibit slightly different behavior
as well, which may be due to the different London penetration depth characteristics of
each sample.
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Figure 8.19: London Penetration depth of Sample 1 as functions of temperature.

We can determine the critical temperature and the London penetration depth of the
sample at 0 K by fitting the data points with an empirical formula [40]:

λ(T ) = λ(0)

[
1−

(
T

Tc

)4
]−1/2

(8.3)

where λ(0) is the London penetration depth at 0K. Both λ(0) and Tc are taken as fitting
parameters in this thesis. The fitting results are summarized in the table 8.4. It should
be realized that the large error of the absolute value of λ(0) for sample 2 is caused by the
large variation of the absolute value of the resonant frequency shown in figure 8.14. On
the other hand, the measurement result of sample 1 does not have such large variation, so
the fitted value of the London penetration depth at 0K has relative small error compared
with the result of sample 2.

Sample / Data Set Measured by Tc (K) λ(0) (nm) λ1(0)/λ2(0)
Sample 1 / 1 to 4 Coil 1 9.303± 0.002 37.42± 97 –
Sample 2 / 1 to 4 Coil 2 9.3± 0.002 32.96± 525 1.1353± 17.5
Sample 1 / 5 Coil 2 9.310± 0.03 30.72 –
Sample 2 / 5 Coil 1 9.271± 0.03 37.1 0.8268

Table 8.4: Fitting results of the critical temperature and penetration depth at 0 K for
Sample 1 and Sample 2, along with the relative ratio of λ(0) between two samples for
each data set. The label ”1 to 4” represents the data measured before exchanging the
positions of the samples(Shown in figure 8.14 and 8.15). The label ”5” represents the data
measured after exchanging the positions of the samples(Shown in figure 8.16 and 8.17).

Using the parameters presented in Table 8.4, the temperature dependence of the Lon-
don penetration depth for each sample can be determined based on Equation (8.3). Note
that we fitted the empirical formula to different data groups: Data 1 to Data 4 correspond
to the four sets of measurements taken before switching the sample’s position, while Data
5 represents the data measured after the position of sample was exchanged.
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The uncertainty of temperature for Data 5 was rather large due to the rapid tempera-
ture increase, which causes the fifth data set exhibits relatively large errors in temperature
readings. In contrast, the first to fourth data sets have smaller temperature reading er-
rors, as their temperature rise was more stable. However, compared to the error in the
absolute value of the resonant frequency, the temperature introduces a much smaller error
in λ(0) (as shown in Table 8.5). Based on the values provided in Table 8.5, we neglect
the uncertainty in λ(0) caused by temperature reading errors when calculating the overall
uncertainty of λ(0) in Table 8.4.

Another source of error comes from the determination of resonant frequency. The
resonant frequency is determined by fitting 60 data points in the vicinity of the minimum
value of S11(as shown in figure 8.21).

From Table 8.4, it is evident that the uncertainties in the fitted London penetration
depth, λ(0), vary significantly between different samples and measurements. For Sample 1
(Data Set 1 to 4), the fitted value is λ(0) = 37.42± 85 nm, where the uncertainty is more
than twice the measured value, indicating very low precision. Similarly, for Sample 2 (Data
Set 1 to 4), λ(0) = 32.96± 502 nm, with an extremely large uncertainty compared to the
fitted value of Sample 1, making the result unreliable(as demonstrated in Figure 8.20). In
contrast, measurements for Data Set 5 of Sample 1 and Sample 2 yield λ(0) = 30.72 nm
and λ(0) = 37.1 nm, respectively, but the uncertainties are not provided because there is
only one set of data.

Figure 8.20: Error propagation demonstration in resonant frequency measurement for
data sets 1–4 of Sample 2. The blue curve is calculated based on the theoretical formula
developed in Chapter 5. As shown in Figure 8.14, the absolute value of the resonant
frequency shows a discrepancy of approximately 4–5 kHz, which results in an error of
about 1000 nm in the estimation of λ(0).
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Figure 8.21: The determination of resonant frequency from raw data. We first fit the 60
data points around the minimal value of S11 with a quadratic function, and the resonant
frequency is identified as the minimal point of that quadratic function. The accuracy
of this fitting will have impact on the accuracy of λ(0). We use the covariant matrix
of the fitted parameters together with the derivative of frequency with respect to each
parameters at minimal point of quadratic function to determine how much uncertainty
will propagate into the result of resonant frequency. The maximum error caused by this
fitting is shown in Table 8.5.

Table 8.5: Sources of error and estimation of their impact on λ(0).

Error Source Error Magnitude Resulting Error in λ(0)
Temperature Reading 0.03 K ≈ ±0.03 nm

Distance between the Sample and Coil 4.5 kHz ≈ ±500 nm
Resonance Frequency Fitting 0.25 kHz ≈ ±2.3 nm

Capacitance 0.5 nF ≈ ±0.64 nm
Parameter c 0.03 ≈ ±0.7nm

Assumption (λ(100nm)=λ(8.903K)) 40 nm ≈ ±20 nm
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Chapter 9

Conclusions

In the London penetration depth measurement, with a planar spiral coil of 2mm diam-
eter, a resonant frequency shift of about 6 kHz was successfully observed. This resonant
frequency shift is caused by the transition of the Nb sample from the superconducting
state to the normal state. Compared to previous studies [17], the planar spiral coil features
lower fabrication cost and a simpler manufacturing process, which significantly reduces
the overall experimental budget.

In the theoretical calculation of the inversion formula, the most significant difference
between the spiral coil and those used in previous studies is that its current distribu-
tion does not possess axial symmetry in three dimensional space. This makes it ex-
tremely difficult to obtain an analytical solution to Maxwell’s equations with boundary
conditions involving a finite-thickness superconducting bulk. In order to obtain an an-
alytical solution for the spiral coil under those boundary conditions, an approximation
model of the spiral coil is proposed [34]. The approximation model is designed to be
axis-symmetric in three-dimensional space, which enables the derivation of an analytical
solution to Maxwell’s equations. In the case of a coil with an axis-symmetric current
distribution, the Maxwell’s equations can be reduced to ordinary differential equations
via the Hankel transformation. The inhomogeneous solution of the ordinary differential
equation in the region containing the coil can be obtained either from the two-dimensional
Green’s function (Equation 5.21) proposed in this thesis or from the inverse Fourier trans-
form of the Hankel-transformed solution in that region (Equation 5.54). To account for
the effects of the finite cross-sectional size and spiral geometry of the coil, a parameter-
ized expression for the inductance of the spiral coil was proposed. This parameterized
model is based on the important fact that, within a small low-temperature range, the
inductance of the spiral coil has a linear relationship with the London penetration depth.
This parametrized expression was first fitted to simulation results obtained from COM-
SOL, and subsequently refined using experimental data to calibrate the absolute value
of the resonant frequency. The absolute calibration of the resonant frequency should be
performed using a sample with known value of London penetration depths. Since such a
sample was not available in this measurement, we assumed that the resonant frequency
calculated theoretically for a penetration depth of 100 nm corresponds to the resonant
frequency measured experimentally at 8.903K.

Measurements were performed using two niobium (Nb) superconducting samples un-
der cryogenic conditions, where Sample 2 was subjected to an annealing process at 800◦C
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for 3 hours in a vacuum environment, whereas Sample 1 was not. From the resonant fre-
quency shift data, the temperature-dependent London penetration depth for both samples
was extracted using the inversion formula developed in Chapter 5. The results revealed
distinct London penetration depth behavior for each sample, and the values of the critical
temperature Tc and the zero-temperature London penetration depth λ(0) were obtained
through fitting with empirical formula. However, a comparison of measurements on the
same sample using different coils shows significant discrepancies, indicating that part of
the variation originates from the differences in coils rather than differences in the samples.
Among the five extracted data sets, Data 1 to Data 4 were obtained before the sample
position was exchanged. These four data sets exhibit relatively small temperature read-
ing errors due to stable temperature variation during the measurement. By fitting these
four data sets, the fitted value of λ(0) was estimated to be 37.42 ± 97 for Sample 1 and
32.96 ± 525 for Sample 2, while the critical temperatures of both samples were fitted to
be around 9.3K. For the fitted result of λ(0), sample 2 exhibits a larger error compared
to sample 1 as shown in Table 8.4. This large error originates from discrepancies in the
absolute value of the resonant frequency measured at different times(as shown in Figure
8.14). The discrepancies observed in Figure 8.14 arise from variations in the distance be-
tween the coil board and the sample during measurement. In this thesis we use a metallic
strip to keep the distance between the sample and coil board, and there is no guarantee
that the distance between the sample and the coil remains unchanged after exchanging
samples’ position. Future experiments should use better methods to control and maintain
this distance during the measurement.

In addition, this study lacks sufficient data collected after the sample positions were
exchanged. Future research should aim to extract adequate data both before and after
exchanging samples’ positions, in order to evaluate the influence of coil differences on the
measurement results. It is important to note that the different amount of liquid helium
injection will significantly affect the temperature variation during the measurement. If we
inject the liquid helium to the maximum level in the cryostat, the temperature variation
will become much stable. Furthermore, it is recommended that future studies use multiple
coils to measure the London penetration depth of the samples and determine the final
result by averaging the measurements obtained from different coils.

In summary, this thesis presents a methodology for measuring the London penetration
depth and critical temperature of bulk superconducting samples at 0 K. These findings
make a direct contribution to the advancement of SRF technology for the ILC.
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Appendix

Integral Representations and Identities

Γ(z)Γ(1− z) =
π

sin(πz)
(9.1)
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The Hypergeometric Differential Equation

Hypergeometric differential equation is defined as:

u′′(t) +
(α + β + 1)t− γ

t(t− 1)
u′(t) +

αβ

t(t− 1)
u(t) = 0 (9.8)

where t is a complex number, α and β are parameters of the equation. Also we can see
that this equation has three regular singular points at z=0 and z=1, z=∞. The ordinary
differential equation with three regular singular point is called the Papperitz equation. A
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general strategy of solving Papperitz equation is that we can assume the solution has the
following form:

u(t) = (t− t0)
λ

(
1 +

∞∑
n=1

an(t− t0)
n

)
(9.9)

After submitting this ansatz to the equation above, each coefficients of (t− t0)
m must

be zero and this will give us the indicial equation:

λ2 + (p0 − 1)λ+ q0 = 0 (9.10)

Now to investigate the solution around the vicinity of z=0, we rewrite the above
equation:

u′′(t) +
P (t)

t
u′(t) +

Q(t)

t2
u(t) = 0 (9.11)

where we assume that Q(t) and P(t) are analytic at the vicinity of the singular point t0,
so we can expand them as series around a singular point:

P (t) =
∞∑
n=0

pn(t− t0)
n = p0 + p1(t− t0) + p2(t− t0)

2 + . . . (9.12)

Q(t) =
∞∑
n=0

qn(t− t0)
n = q0 + q1(t− t0) + q2(t− t0)

2 + . . . (9.13)

On the other hand, from the definition of hypergeometric equation, Q(t) and P(t) are
defined as:

Q(t) =
(α + β + 1)t− γ

(t− 1)
(9.14)

P (t) =
zαβ

(t− 1)
(9.15)

From the above equation we can read that Q(0)= γ, P(0)=0. So we have q0 = γ and
p0 = 0. Plug this result into the indicial equation and solving it we have

λ1 = 0, λ2 = 1− γ (9.16)

Therefore the regular singular solutions at z=0 are

u(t) = 1 +
∞∑
n=1

ant
n, v(z) = t1−γ

(
1 +
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n=1

bnt
n

)
(9.17)

where u(z) is called the hypergeometric series. Note that the solution v(z) has an exponent
γ−1 at z=0, and this will lead to a branch point at the origin. Similarly, we can investigate
the solution at singular point z = 1 and z = ∞ by the same approach. One can found
that at z = 1, the two exponents are 0 and γ − α− β. At z = ∞, the two exponents are
α and β. We can denoted the set of all solutions by a symbol called Riemann’s P symbol

u(t) ∈ P


t1 t2 t3
α1 α2 α3 t
β1 β2 β3

 , (9.18)
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where a1, a2, a3 represent the three regular singular points, and α, β corresponds to the
root of indicial equation at that point. The three columns can be interchanged arbitrarily
without affecting the solution set. Also, the order of the two roots of indicial equation in
each column doesn’t matter.

After we calculated the roots of indicial equation, we still need to determine the
coefficient an, bn of the series respectively. In our case, we are interested in determining
the coefficient of u(t) because it is analytic around the regular singular point t = 0. To
determine the coefficient an, we plug the solution of u(t) into the original differential
equation. The coefficient of t with the same order must vanish, and this will give us a
recurrence relation of the series

an+1

an
=

(n+ α)(n+ β)

(n+ 1)(n+ γ)
, n ∈ N (9.19)

Since the hypergeometric differential equation is a linear homogeneous differential equa-
tion, we can always set a0 = 1 in the series. Then we can obtain the solution of an by
multiplying all the recurrence relations from a1

a0
to an

an−1
. The result is:

an =
n−1∏
ν=0

(ν + α)(ν + β)

(ν + 1)(ν + γ)
=

(α)n̄(β)n̄
(γ)n̄

(9.20)

µ(t) =
∞∑
n=0

(α)n̄(β)n̄
(γ)n̄

· t
n

n!
(9.21)

where the Pochhammer symbols are defined as follows:

xn = x(x+ 1)(x+ 2) · · · (x+ n− 1) (9.22)

xn = x(x− 1)(x− 2) · · · (x− n+ 1) (9.23)

An alternative definition of Pochhammer symbol can be found in (9.4), (9.5) in the Ap-
pendix. For obvious reason, this solution converges at the region |t| < 1. Therefore, it
represents an analytic function at that region in the complex plane, and it is called the
hypergeometric function defined as:

F (α, β; γ; t) =
∞∑
n=0

(α)n̄(β)n̄
(γ)n̄

· t
n

n!
, |t| < 1 (9.24)

The hypergeometric function is analytic everywhere except the possible singularity at
t = ±1. It has three free parameters α, β, and γ, with the convention that α and β are
orderless. Once we knew those three parameters, the hypergeometric function can be
determined uniquely.

Among the many theorems satisfied by the hypergeometric differential equation, the
one we need to focus on here is the Displacement Theorem and the Substitution Theorem.
Displacement Theorem states that if we write the solution of the original equation u(t)
by a new function v(t) multiplied by a multiplication of powers with the following form

u(t) = v(t)
n∏
i=1

(t− ai)
λi (9.25)

97



It will result in shifting or displacing the roots of indicial equation, but the location and
the classification of the singular points remains the same. The amount of the shift can be
related with the exponent of the multiplicative factor by the following formula:

{
ᾱi = αi − λi

β̄i = βi − λi
i = 1, 2, 3, . . . , n


ᾱ = α +

n∑
i=1

λi

β̄ = β +
n∑
i=1

λi

(9.26)

The non-trivial point of this result is that the λi is the same with the exponent of
the series in equation (9.25). In the most general case, the displacement will change the
original form of equation. If we reverse the statement of this theorem, it tells us that if
we displace the roots of the indicial equation, the solution of the original equation should
be multiplied by a corresponding factor. The multiplicative factors are determined by
the singularity ai and the exponents λi in equation (9.25). To prove the Displacement
Theorem, we begin by substituting equation (9.25) into the original differential equation.
This substitution yields a new differential equation, which remains of Fuchsian type.
We then compute the roots of the indicial equation corresponding to the transformed
equation. The result is a new set of roots, each shifted by a displacement λi at the
respective singularity.

On the other hand, Substitution Theorem states that a change of variable z =
at+b
ct+d

, ad − bc ̸= 0 to all the three singular points 0,-1,∞ and the variable t itself will
preserve the form of the original differential equation. In other words, it preserves the
roots of the indicial equation. Such transformation is unique, and it is called Möbius
transformation. Möbius transformation is a very fundamental transformation in com-
plex analysis because it maps the complex plane onto itself in a conformal way. Unlike
the Displacement Theorem, the Substitution Theorem only holds in the case that the
equation has three distinct regular singular points. But this is enough for solving the
Hypergeometric differential equation, because by definition Hypergeometric differential
equation always has three distinct regular singular points located at t = 0, t = 1, t = ∞.
Symbolically, we can represent the Substitution Theorem using the Riemann symbol in
the following way.

P


t1 t2 t3
α1 α2 α3 t
β1 β2 β3

 = P


z(t1) z(t2) z(t3)
α1 α2 α3 z(t)
β1 β2 β3

 (9.27)

where we have used Möbius transformation z(t) on three singular point t1, t2, t3, and
the independent variable t. In this research, we apply the Displacement Theorem to the
Hypergeometric differential equation. In the previous section, we have already computed
the roots of the indicial equation at the singular point t = 0, and stated that the roots at
t = 1 and t = ∞ are (0, γ − α − β) and (α, β), respectively. Using Riemann symbol, it
follows that:

P


0 1 ∞
0 0 α t

1− γ γ − α− β β

 (9.28)

By applying Möbius transformations to these roots in the Riemann symbol, we observe
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that, for some specific choices of the coefficients a, b, c, d, the transformation will permute
the singular points 0, 1, and ∞. In particular, if the Möbius transformation is taken as
t 7→ 1 − t, then the singular point 0 is mapped to 1, 1 is mapped to 0, and ∞ remains
unchanged. Symbolically we can write this as:

(0, 1,∞) → (1, 0,∞)

Substitution Theorem states that this transformation will not change the form of the
equation. In other words, the two Riemann Symbols should be equivalent to each other:

P


0 1 ∞
0 0 α t

1− γ γ − α− β β

 = P


0 1 ∞
0 0 α 1− t

γ − α− β 1− γ β

 (9.29)

When we do this transformation, it corresponds to interchanging the elements in the
second and third rows of the first and second columns in Riemann Symbol. This means
that we displaced the roots of indicial equations of singular point 0 and 1. From the
Displacement Theorem we knew that if we write the solution of the original equation
in a form that has multiplicative factors, it will result in a displacement of the roots.
This theorem is also true if we reverse the statement: if we displace the roots of indicial
equation of the original equation, we should multiply the solution with the corresponding
multiplicative factors to give the new solution of the displaced equation. The multiplica-
tive factors are determined by equation (9.26). Note that equation (9.29) has a constraint
that the displacement of the first root αiand the second root βi must be equal, and this
constraint will give us a relation between the three coefficients α, β, and γ. In order to
preserve the form of the differential equation, α, β, and γ must obey those relations. Here
one can check that the following Hypergeometric function is also a solution to the original
equation,

F (γ − α, γ − β; 1 + γ − α− β; 1− t) (9.30)

Thus, we successfully construct another linear independent solution of the hyperge-
ometric differential equation. Ultimately, our goal is to use this approach to obtain the
integral representation of the Bessel function of the second kind. To achieve that, we do
the following displacement of the roots:

P


0 1 ∞
0 0 α 1− t

γ − α− β 1− γ β

 = P


0 1 ∞

γ − α− β 0 α 1− t
0 1− γ β

 (9.31)

Here if we let v(z) be the solution of the differential equation represented by the
left-hand side Riemann Symbol. Then the right-hand side should represent the original
equation, which means the roots inside the right-hand side Riemann Symbol should serve
as αi and βi in equation (9.26). In this case only two singular points 0 and 1 are not
at infinity, so i runs from 1 to 2. In this case, two displacements can be calculated as
ρ1 = γ − β − α, ρ2 = 0 respectively. The result of Displacement Theorem states that an

99



addition factor (1 − z)γ−α−β should be multiplied with the solution of the transformed
hypergeometric differential equation v(z) to give the final solution of the original equation:

u(t) = (1− t)γ−α−βF (γ − α, γ − β; 1 + γ − α− β; 1− t) (9.32)

where we used the fact that v(t) is just the solution of the right hand side Riemann
Symbol. Therefore, we have found two linear independent solution of the hypergeometric
differential equation:

F (α, β; γ; t) (9.33)

(1− t)γ−α−βF (γ − α, γ − β; 1 + γ − α− β; 1− t) (9.34)

Actually, this is not the unique way to construct another linear independent solution of the
Hypergeometric equation. We have all six different permutations of the order of singular
points, and together with four distinct ways to displace the roots of indical equation. So
we have 4∗6 = 24 different ways in total to construct another solution of Hypergeometric
equation.

Note that only two of the solutions among those 24 solutions are linear independent,
which means that any three of them should be linear dependent on each other. And
this linear dependent relation has an analytical expression which can be derived by using
Barnes’ integral representation of Hypergeometric function (9.3). In this research, we will
use equation (9.33), (9.34) to construct the Legendre function of the first kind and the
second kind below. To do that, first we take a special case of hypergeometric differential
equation when α = −n, β = n + 1, γ = 1, z = 1−t

2
and in this case the hypergeometric

differential equation turns into:

u′′(t) +
2t

t(t− 1)
u′(t)− n(n+ 1)

t(t− 1)
u(t) = 0 (9.35)

The polynomial solutions of this hypergeometric differential equation, as we will mention
below, is called Legendre functions. So we found that we can define the Legendre function
by using hypergeometric function:

Pn(z) = F

(
−n, n+ 1; 1;

1− t

2

)
(9.36)

Now if we make a change of variable t = 4z(1−z) to the original hypergeometric differential
equation and substitute α = 2a, β = 2a, γ = a+ b+ 1

2
, we can derive a relation:

F

(
2a, 2b; a+ b+

1

2
; t

)
= F

(
a, b; a+ b+

1

2
; 4t(1− t)

)
(9.37)

Next we introduce the Euler transformation of hypergeometric function:

F (α, β; γ; z) = (1− z)−αF

(
α, γ − β; γ;

z

z − 1

)
(9.38)

Euler transformation shows the linear dependence between some of the solutions in the
total 24 solutions we mentioned above. But fortunately, Euler transformation will not
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take equation (9.36) to a form which is proportional to equation (9.34). After applying
the Euler transformation to equation (9.36), we derived the following useful formula:

F

(
a, b;

a+ b+ 1

2
;
1− t

2

)
= z−aF

(
a

2
,
a+ 1

2
;
a+ b+ 1

2
; 1− 1

t2

)
(9.39)

Therefore, another linear independent solution of hypergeometric differential equation can
be expressed as:

Qn(t) =

√
π

(2t)n+1

Γ(n+ 1)

Γ(n+ 3/2)
F

(
1 +

n

2
,
1 + n

2
;n+

3

2
;
1

t2

)
(9.40)

Schlaefli Integral

Cauchy’s integral formula is defined as:

1

2πi

∮
C

f(z)

z − x
dz = f(x) (9.41)

Now if we differentiate equation(9.41) by n times we get:

f (n)(x) =
n!

2πi

∮
f(z) dz

(z − x)n+1
(9.42)

The solution of the second-order Sturm-Liouville ODE with general form can be written
by Rodrigues formula:

p(x)y′′ + q(x)y′ + λy = 0 (9.43)

yn(x) =
1

w(x)

(
d

dx

)n
[w(x)p(x)n] (9.44)

Using equation (9.42), Rodrigues formula can be rewritten as:

yn(x) =
1

w(x)

n!

2πi

∮
C

w(z)[p(z)]n

(z − x)n+1
dz (9.45)

where the contour C should enclose the point x, and w(z)[p(z)]n is analytic everywhere
inside contour C. This formula is called Schlaefli integral for yn(x).

Similarly, if we want to find integral representation of Legendre function of first kind,
we can apply Cauchy’s formula to equation(9.39). Then we obtain:

Pv(x) =
2−v

2πi

∮
C

(t2 − 1)v

(t− x)v+1
dt (9.46)

The contour of this integral representation can be verified by using the following steps:
Considering the contour shown in Figure 4.1, and if we can successfully revisit the expres-
sion for Pv(x) in equation (9.36) again, then we can confirm the contour of this integral
representation.

Next, to derive the integral representation for Bessel function of the second kind, we
start by using the integral representation of hypergeometric function [27]:

F (α, β; γ; t) =
Γ(γ)

Γ(γ − β)Γ(β)

∫ 1

0

uβ−1(1− u)γ−β−1(1− ut)−α du (9.47)
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Using equation(9.40) together with equation (9.45) to express Qn(t) as:

Qn(z) =

√
π Γ(n+ 1)

(2t)n+1 Γ
(
n+ 3

2

) ∞∑
k=0

(α)k̄ (β)k̄
(γ)k̄

·
( 1
z2
)k

k!
(9.48)

Here, we rewrite the variable t as z to distinguish it from the integration variable t
in the following formula. We can use formula (9.7) in the Appendix to find an integral
representation for Qn(t). Replacing the two Pochhammer symbols in the numerator of
equation (9.48) with formula (9.5), and we can immediately identify that we can apply
(9.7) in the denominator. This will give us some extract the Gamma function factors
in the expression of Qn(t). After some simplifications, we can expression Qn(t) in the
following form:

Qn(z) =
1

(2z)n+1

∞∑
k=0

∫ 1

−1

(1− t2)n · (2k + n)!

n! (2k + n− n)!

(
t

z

)2k

dt (9.49)

where we have used (9.2) during the simplification. And Note that the factorial term in
the above expression corresponds to the definition of a binomial coefficient, and thus it
can be rewritten using binomial notation:

(
2k+n
2k

)
. Here, if we wish to express the binomial

coefficient together with
(
t
z

)2k
as a single term, such as

(
1− t

z

)2k+n
, we should apply the

following identity that holds for binomial coefficients:

(
2k

2k + n

)
=

Γ(2k + n+ 1)

Γ(n+ 1)Γ(2k + 1)
=

Γ(−n)
Γ(−2k − n) Γ(2k + 1)

=

(
2k

−n

)
(9.50)

The above formula can be derived using (9.1) in Appendix. The resulting binomial

expression indicates that we are now computing the coefficient of the 2k-th term,
(
t
z

)2k
,

in the expansion of
(
1− t

z

)−n−1
. The index 2k tells us that it should be an even number

when k is an integer. We can use a mathematical trick to extend the index from even
numbers to all integer values. Since the integration interval is symmetric, from −1 to 1,
it is valid to add any odd function to the integrand, as its contribution will vanish upon
integration. We could chose to add some odd function terms in the integrand such that

it allows us to write the total expression as an binomial expansion of
(
1− t

z

)−n−1
. The

procedure are demonstrated as follows:

Qn(z) =
1

(2z)n+1

∞∑
k=0

∫ 1

−1

(1− t2)n(−1)k
(
−n− 1

k

)(
t

z

)k
dt (9.51)

=
1

(2z)n+1

∫ 1

−1

(1− t2)n
(
1− t

z

)−n−1

dt (9.52)

Therefore we successfully obtained the following integral representation of Bessel func-
tion of the second kind:

Qn(z) =
1

2n+1

∫ 1

−1

(1− t2)n

(z − t)ν+1
dt (9.53)
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Poisson Integral Representation

To find Poisson integral representation of Bessel function, we assume that the solution
of Bessel function has the following general expression:

zν
∫ b

a

eiztT (t) dt (9.54)

where T is only the function of t, not z. a and b are arbitrary complex numbers, inde-
pendent of z. To prove this, one can plug this result into the Bessel differential equations.
In order to satisfy the equation, the following relation must hold:

d

dt

{
T (t2 − 1)

}
= (2ν + 1)Tt, eiztT (t2 − 1)|ba = 0 (9.55)

The first equation shows that T is a constant multiple of (t2 − 1)ν−
1
2 , and the latter

shows that we should impose the boundary condition such that either eizt(t2−1)ν+
1
2 has the

same value in both limit a and b, or eizt(t2−1)ν+
1
2 vanishes at each limit. We will adopt the

first boundary condition in the following content, because under this boundary condition
we could construct the same eight shape contour in complex plane with the integral
representation of Legendre function of the second kind(see Figure 4.1). In this way, this
integral can be related to the Legendre function of the second kind. By integrating the

Jν(z) =
Γ
(
1
2
− ν
) (

z
2

)ν
2πiΓ

(
1
2

) ∫
C

eizt(t2 − 1)ν−
1
2 dt. (9.56)

where C is a similar Contour shown in Figure 4.1. Another important integral represen-
tation is called the Poisson integral representation of Bessel function of the first kind. For
the case of order zero, it is expressed as:

J0(ω) =
1

2π

∫ π

−π
eiω cos θ dθ (9.57)

This integral representation is commonly known as the Poisson integral representation,
where ω is a real variable and θ is the angular integration variable. ω is defined as:

ω =
√
z2 + z′2 − 2zz′ cosϕ. (9.58)

where z, z’ and ϕ are all complex variables.

Lipschitz–Hankel Integral

We begin by evaluating the following integral:

I =

∫ ∞

0

e−at Jν(bt) Jν(ct) t
µ−1 dt , (9.59)

where following the Poisson integral representation of Bessel function Jν will be used:

Jν(z) =
Γ
(

1
2
− ν
)(

z
2

)ν
2πi Γ

(
1
2

) ∫
C

e iz t
(
t2 − 1

) ν− 1
2 dt , (9.60)
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where the contour C encloses the branch cut of (t2 − 1)ν−
1
2 on the real axis of t from −1

to 1. At this stage we evaluate the contour integral in t. The integral has the contour
around the branch cut [−1, 1] on the real axis. We can make the same simplification as
demonstrated in chapter 4.2, where we reduce the contour into a real integral from −1 to
1. Using this technique, we can make the following transformation:

t = cosϕ, dt = − sinϕ dϕ, ϕ ∈ [0, π].

Using (1− cos2 ϕ) = sin2 ϕ we obtain:

Jν(z) =
Γ
(

1
2
− ν
)(

z
2

)ν
2πi Γ

(
1
2

) ∫ π

0

e iπ(ν−
1
2
)e iz cosϕ sin2ν ϕ dϕ (9.61)

From reflection formula: Γ(1
2
− ν) Γ(1

2
+ ν) = π

sin(πν)
, it follows that

Γ( 1
2
−ν) sinπν

Γ( 1
2
)

=
1

Γ( 1
2
+ν)

. Substituting this result together with equation (9.52) into (9.50) we obtain:

I(a, b, c;µ, ν) =
(
1
2
bc
)ν 1

Γ
(
ν + 1

2

)
Γ
(
1
2

) ∫ ∞

0

∫ π

0

e−at
Jν(ωt)

ων
tµ+ν−1 sin2ν ϕ dϕ dt (9.62)

where we define:
ω =

√
b2 + c2 − 2bc cosϕ .

From equation (9.53), one can identify the following integral representation for hyper-
geometric function:∫ ∞

0

e−at tµ+ν−1Jν(ωt) dt =
(ω/2)ν Γ(µ+ 2ν)

aµ+ν Γ(2ν + 1)
2F1

(
µ+ 2ν

2
,
µ+ 2ν + 1

2
; ν + 1;−ω

2

a2

)
(9.63)

One can verify the above integral representation by plugging it into a hypergeometric
differential equation. Then we can rewrite equation (9.54) as:

I(a, b, c;µ, ν) =
(bc)ν Γ(µ+ 2ν)

πaµ+2ν Γ(2ν + 1)

∫ π

0
2F1

(
µ+ 2ν

2
,
µ+ 2ν + 1

2
; ν + 1;−ω

2

a2

)
sin2νϕ dϕ.

(9.64)
If we let µ = 1, equation (9.55) will reduce to Bessel function of the second kind

according to equation (9.40):∫ ∞

0

e−atJν(bt)Jν(ct) dt =
1

π
√
bc
Q
ν−1

2

(
a2 + b2 + c2

2bc

)
, (9.65)
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